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Nx
Nt

= ẋG
Nẋ
Nt

= − µ

|x|3x + P; 4<7
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x0 = x (t0) ẋ0 = ẋ (t0) G
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PR = FP
R

|R|︸ ︷︷ ︸
PP

−FP

[
Ṙ ·R
c|R|

R

|R| +
Ṙ

c

]
︸ ︷︷ ︸

PPR

, 417
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FP = ΘkΨ

(
aE

|R|
)2

A′

m
, 4;7
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Ψ =

⎧⎪⎨
⎪⎩

1, ���� ϕ ≥ RE + RS,

ΨP , ���� RE − RS < ϕ < RE + RS,

0, ���� ϕ < RE − RS.
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RS = arcsin

(
rS
|R|

)
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(
rE
|x|

)
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SES =
R2

E

2
(ϕE − sinϕE) +

R2
S

2
(ϕS ± sinϕS) , 4D7

% �

ϕE = 2 arccos

(
ϕ2 + R2

E − R2
S

2ϕRE

)
, ϕS = 2 arccos

(
ϕ2 − R2

E +R2
S

2ϕRS

)
,

,!���$ *�"!"� ���%��$"� * 4D7 6�!�$ �" �#��"$ R+RG ���� ϕS ≥ πG � �"

�#��"$ R−RG ���� ϕS < π+



B

x1

N

x2

x3

���+ <I �!��#��.�5 �*�! "%" ����

(1( ��
3
� =�256 
 @�;9�96 �2�A�
3 ;4�9
��

��� 6/�" "�$���#" !�#��G *�����#� ���/ �*��"*"%"  �*��#�5 ��*����

"� "�#":�#�5 ,�"A� � $� ���*"%" ����#�5 �����./ A′ � �� $���� m+

&"?�"$�  �5 6"���  �����#"%" ����� "*�#�5  �#�$��� �����./ #�"6="8

 �$" ����/*��� �"!$� �����./ � ����"$ �� "!��#��.�� "�#"������#"

�*��"*"%" ,"�"��G ,"��"���� "� ?��= *�����#G * �*"9 "��!� �G ��*����

,�"A� � ����#�5 A′+
�"!$/ !����#/= �����.  "*"��#" ��"E#/+ &!� $" ���!"*�#�� �=

,!� ���*�59� * *� � �"*"��,#"��� ,!�$���*#/= ���+ �  �##"$ !�� �8

�� $/ !���$��!�*��$ #��"�"!/� ,!�$���*#/� ����I �!�%��9 ,�����#�G

.���# ! � ��6K � ���E� */*" �$ �"!$��/ �= ����#�� * ��*���$"��� "�

",!� ���##/= "!��#��.�� ��� * ,!"��!�#��*�+

�!��#��.�9 �96"%" ���� * ,!"��!�#��*� $"E#" �� ��� � ,"$"A�9

�!�= ?���!"*/= �%�"*I �%�� ,!�.����� ψG #���.�� ϑ � �%�� �"6��*�##"%"

*!�A�#�5 γ 4!��+ <7+ -� �$ �������G ��" *"�$�A�9A�� ���/G  ����*�98

A�� #� �����.�G ,!�#�6!�E�$" $��/+ �"% � �%�/ ,!�.����� � #���.��

6� �� �$��� ,"��"5##/� �#���#�5G � �%"� �"6��*�##"%" *!�A�#�5 γ 6� ��

!�*#"$�!#" $�#5���5 �" *!�$�#�$G �+�+ γ = ωtG % � ω = STUVW O �%�"*�5

��"!"��� *!�A�#�5 �����./+



<2

n

R

h
d

���+ 1I �!�A�#�� �!�%�"� ,�����#/

(1(1$ �2����3 4��;9
�

&���� ,�����#� �$���  ��$��! dG �"�A�#� h � ,�"�#"��� ρG ,!���$
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��$ ,!"�.�!"*�#�5 ,�����#/ #� ,�"��"���G ,�!,�# ����5!#�9 #�,!�*8

��#�9 #� �"�#.� R+ ����$ "6!��"$G

A′ = S| cos θ|, cos θ =
(n · R)

|R| , 437

% � n = n(cosγ, sin γ, 0) O #"!$��� ,�����#/+

�"% �G ,!�#�$�5 *" *#�$�#��G ��" ,�����#� �$��� �"#��#�9 �"�A�8

#� hG �G ��� "*�����#"G � "6J�$ V = ShG #�� �$ ���"$"� "�#":�#��

,�"A� � ����#�5 A′ � $���� mI

A′

m
=

| cos θ|
ρh

. 4>7
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�"���*�59A��+ �"% �

A′ = S◦| cos θ| + S�| sin θ|,

% � S◦ � S� O ,�"A� � ?���,�� � ,!5$"�%"��#���G � cos θ */����5���5

," �"!$��� 437+ &" ���*�55 �""�*����*�9A�� */!�E�#�5  �5 S◦G S� �

V G ,!�=" �$ � ��� �9A�$� "�#":�#�9 A′/mI

A′

m
=

| cos θ|
ρh

+
4| sin θ|
πρd

. 4P7
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n1 n2

���+ CI �!�A�#�� �����./ ��6�����"� �"!$/

,�����#"�G #"!$��� �"�"!/= ",!� ��59��5 */!�E�#�5$�I

n1 = n1(0, 0, 1), n4 = n4(− sin γ, cosγ, 0),

n2 = n2(0, 0,−1), n5 = n5(− cos γ,− sinγ, 0),

n3 = n3(cos γ, sinγ, 0), n6 = n6(sin γ,− cosγ, 0).

�"% �

A′ =

6∑
i=1

A′
i = S�

6∑
i=1

δi cos θi, 4B7

% � δi O ���"*�� *� �$"��� i8"� ,�����#/ "�#"������#" �"�#.�I

δi =

{
0, cos θi < 0,

1, cos θi ≥ 0.

&!�#�$�5 *" *#�$�#�� 4B7 � ,!"*� 5 !5 ,!"����:�= ,!�"6!��"*�#��G

,"����$ ��� �9A�9 �"!$���  �5 "�#":�#�5 A′/mI

A′

m
=

∑6
i=1 cos θi

ρd
. 4<27
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!"*!�A�9A�=�5 ��� */�/*��� �"!"��",�!�" ������� *"�$�A�#�5G �"�"8

!/� �#��%!�!�9��5 � "��#� $��/$ :�%"$G ��" ��A���*�##" ,"#�E���

6/��!" ����*�� ,":�%"*"%" ,!".���� L;M+

�,�!�.�5 ��!� #�#�5  �5 2π8,�!�" ��#"� ��#�.�� Z(z) ," 6/��!"�

,�!�$�##"� z �$��� *� LCMI

Z̄ =
1

2π

∫ 2π

0
Z(z)dz. 4<<7

��!� #�##/� ," γ "�#":�#�5 A′/m ,!�*� �#/ * ��6�+ <G % �

C =
2

π

√
1 −

(
R3

|R|
)2

.

��6��.� <I ��!� #�##/� "�#":�#�5 A′/m  �5 !�����#/= ���
&�����#� ����# ! ��6

A′

m
C

1

ρh
C

(
1

ρh
+

4

πρd

) (
2C +

|R3|
|R|

)
1

ρd
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3
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$"E#" ,!� ���*��� * *� � LDMI

U = − µ

|x|
∞∑

n=2

Jn

(
rE
|x|

)n

Pn(sinφ)+

+
∞∑

n=2

n∑
m=1

(
rE
|x|

)n

Pn,m(sinφ) [Cn,m cosmλ+ Sn,m sinmλ] , 4<17

% � φG λ O %�".�#�!������� ,"�5!#/� �""! �#��/ �,��#���K PnG Pn,m O

,"��#"$ � ,!��"� �#�##�5 ��#�.�5 F�E�# !�K JnG Cn,mG Sn,m O 6��8

!��$�!#/� �"?���.��#�/G ��*��5A�� "� �"!$/ (�$�� � !��,!� ���#�5

$��� *#��!� #��+
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sinφ =
x3

|x| , P2(sinφ) =
1

2

(
3 sin2 φ− 1

)
,

,"��#.����#�5 ��#�.�5 *�"!"� �"#���#"� %�!$"#��� 6� ��I

U = −1

2

µJ2r
2
E

|x|3
(

3
x2

3

|x|2 − 1

)
. 4<;7
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*/�/*��$/� #����!��#"���9 .�#�!���#"%" ����  " *�"!"� �"#���#"�

%�!$"#���I

PG =
∂U

∂x
= C1 [(C2 − 1)x − 2 (x · e3) e3] , 4<C7

% �

C1 =
3

2

µJ2r
2
E

|x|5 , C2 =
5x2

3

|x|2 ,
� e3 O � �#��#/� *���"!G #�,!�*��##/� * "�� "�� �,,�����+
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&!� ,"��!"�#�� �����##"� $" ���  *�E�#�5 ��( 6/�" ���E� ����#"

%!�*���.�"##"� ,!��5E�#�� "� F�#/ � �"�#.�+ �"�$�A�9A�5 ���� "�

$����*#/= ��� */����5���� ," �"!$���

PGP = µL

(
xL − x

|xL − x|3 − xL

|xL|3
)

+ µS

(
xS − x

|xS − x|3 − xS

|xS|3
)
, 4<D7

% � µL � µS O %!�*���.�"##/� ,�!�$��!/ F�#/ � �"�#.� �""�*����*�#8

#"K xL � xS O %�".�#�!������� *���"!/ ,"�"E�#�5 F�#/ � �"�#.�G �"8

�"!/� */����5���� ,"  �##/$ �"# � YZ122Q[Z122 L3M+
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�5 �#��%!�!"*�#�5  ����!�#.����#/= �!�*#�#�� $/ ��,"���"*���

:�!"�" ,!�$�#5�$/� #� ,!������ $��" H*�!=�!�� <D8%" ,"!5 �� L>G PM+

&���� �$��$ �� ��� �":�I

Nq
Nt

= E (t,F) , F (t0) = F0. 4<37

�"%���#" $��" � H*�!=�!�� <D8%" ,"!5 �� !�:�#�� #� :�%� � 6� ��

F = F0 + �

(
E0 +

1

2
G1 + . . .+

1

8
G7

)
, 4<>7

% � G1, . . . ,G7 ",!� ��59��5 ���

A1 = c11α1 + c21α2 + . . .+ c71α7,

A2 = c22α2 + . . .+ c72α7,

. . .

A7 = c77α7.

4<P7

�"?���.��#�/ cij 5*�59��5 �����$� ���!��#%�G �"�"!/� */����59��5

," !���!!�#�#/$ �"!$���$

cii = 1, 4 ��%"#���7

ci1 = −τi−1ci−1,1, (i > 1) 4,�!*�5 ��!"��7

cij = ci−1,j−1 − τi−1ci−1,j. (i > j > 1)

4<B7

� �*"9 "��!� �G α1, . . . ,α7 ,"�����$ �� �""�#":�#��

α1 = (Q1 − Q0)/τ1,

α2 = ((Q2 −Q0)/τ2 − α1)/(τ2 − τ1),

α3 = (((Q3 − Q0)/τ3 − α1)/(τ3 − τ1) − α2)/(τ3 − τ2),

. . .

4127

% � E0, . . . ,E7 */����59��5  �5 F0, . . . ,F7I

q1 = q0 +H

(
Q0τ1 +

1

2
A1τ

2
1 + . . .+

1

8
A7τ

8
1

)
,

. . . 41<7

q7 = q0 +H

(
Q0τ7 +

1

2
A1τ

2
7 + . . .+

1

8
A7τ

8
7

)
.
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:�#�� #� :�%� �A���5 ���!�.�"##/$ �,"�"6"$+ � #����� �#��%!�!"*�8

#�5 αi !�*#/ #��9+ �,!� ��5�$ F1G ," �"�"!"$� */����5�$ α1 � ����8

:��$ �#���#�� G1+ 
���� ",!� ��5�$ F2 � ����"$ G1 � #�=" �$ ����8

:�##/� �#���#�5 G1G G2 � ���  ����  " �=" �$"��� ,!".����+


�5 ,!"��*"��#"%" !��6��#�5 τ1, . . . , τ7 $��" G *""6A� %"*"!5G �$���

P ,"!5 "�+ � #��" �%" $"E#" ,"*/����  " <DG ���� * ������*� *�����#

τi ��,"���"*��� �"!#� $#"%"���#�

d1 + d2τ + d3τ
2 + . . .+ τ 7 = 0, 4117

% � �"?���.��#�/ d1, . . . , d7 ,!� ���*�59� �"6"� !�:�#�� �����$/ ��8

%�6!�������= �!�*#�#��I

d1

2
+
d2

3
+
d3

4
+

1

5
= 0,

. . . 41;7
d1

7
+
d2

8
+
d3

9
+

1

10
= 0.

� $��" � H*�!=�!�� �"#�!"�� :�%� �#��%!�!"*�#�5 "��A���*�5���5

," *�����#� ,"��� #�%" ���#�+ ��E /� ��� �9A�� :�% h̄ */6�!����5

," �"!$���

h̄ = hτ = h

(
k + 1

h

‖Htol‖
‖Gk‖

) 1
k+1

, 41C7

% � ‖Htol‖ O �� �##�5 �"�#"���+
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