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0 
�"%�$#�#&�1 2

+ �� #! "���#3�$�1 . "1! 
���#"� 4

5 �� #!6 ��$&�7��  6 -

580 9�".6� %� #! ��$&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 -

58+ �� #!6 ��$&�7��  6 . #"#&# :#"1!�� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0,

585 �.$6� %� #!6 ��$&�7��  6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 00

58/ ���#.�1 :#"1!�� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0+

58; �(�$�� :#&"�<$#� � � .6=#" !��$6 <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0+

58;80 �(�$�� &�#=���$#� :#&"�<$#� � 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 05

58;8+ 9"�� ������1 #(�$�� :#&"�<$#� �8 >�� "�:#�1(�1 �����$$#&# "�?

<�$�18 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0/

58;85 �6=#" <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 02

582 ��#3�$$6� %� #!6 ��$&�7��  6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 04

584 ��1.$6� %� #!6 ��$&�7��  6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0@

58@ 9#"1!#� � <�& �$ �&"�"#.�$�1 :"� �#%:�A �"$#� "������(�� %� #!� 8 0-

58- �#��#��(�#$$6� %� #!6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +0

580, �� #!6 ������ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ++

5800 �$ �&"� #" >.�"B�" � 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +5

580080 ��$#.$6� �#"%��6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +5

58008+ �$ �&"�"#.�$�� $� <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +;

580085 	#"%��6 �$ �&"� #"� ��� #!$# �� :"�!� �.��$�� $�1.$#&# %� #!�

��$&�7��  6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +2

58008/ �6=#" <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +2

580+ A?�� #���.#� � %� #!#. ��$&�7��  6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 +4

/ >�� "�:#�1(�#$$6� %� #!6 50

/80 �=C�� :#!B#! 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 50

/8+ ��&#"� % >� ��$�7��.���� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 5+

/85 �� #! �"D&&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 55

/8/ �6=#" <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 5/

; �$#&#<�&#.6� %� #!6 5;

;80 �� #!6 �!�%�� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 5;

;8+ 	#"%��6 !����"�$(�"#.�$�1 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 52

;85 9"�!�� #"7�#""�� #" 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 54

;8/ E�$��$6� %$#&#<�&#.6� %� #!6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 54

;8; 9#"1!#� %$#&#<�&#.6B %� #!#. 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 5@
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;82 �� #���.#� � %$#&#<�&#.6B %� #!#. 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 5-

;84 ���.6�<�� !#� �3�%6� :#"1!#� !�1 �� #���.6B %� #!#. 8 8 8 8 8 8 8 8 /,

;8@ 9"�� ������1 #(�$�� �#����$#� :#&"�<$#� � 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /,

;8- �6=#" <�&� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /0

2 ��#%� "������� %� #!6 /+

280 �"�.$�$�1 &�"%#$�����#&# #�(���1 #"� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /+

28+ �� #!6 >���"� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /5

285 9"#��(�#$$6� %� #! 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /;

28/ ��%:��� ������� � ��%%� "������� %� #!6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /2

28/80 9"#� 6� ��%:��� ������� %� #!6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /2

28/8+ 9"#� 6� ��%%� "������� %� #!6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /2

28/85 �� #!6 F �"%�"�7��"�� � 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 /@

28/8/ ��%:��� ������� � ��%%� "������� %� #!6 .6�#��B :#"1!�#. 8 8 /-

28/8; ��#=�$$#� � . ��:#���#.�$�� ��%:��� ������B %� #!#. 8 8 8 8 8 8 ;,

E� �"� �"� ;+
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9#� � .�� .�3$6� !�1 �#."�%�$$#� :"�� ��� !����"�$(����$6� �"�.$�$�1G #:��6.�?

AC�� ���������� 1.��$�1G $� �$ �&"�"�A �1 �$��� ������8 9#D #%� !�1 �B "�<�$�1

:"�=�&�A � :"�=��3�$$6% %� #!�% �$ �&"�"#.�$�1G �# #"6� ���#.$# !��1 $� �$�?

�� ������� � �����$$6�8 ����%# "�% �B #�$#.$6� :"�$(�:6 $� :"�%�"� %� #!� %��#&#

:�"�%� "� � %� #!� "���#3�$�1 . "1! 
���#"�8

9�� � $�% $�#=B#!�%# "�<� � �"�.$�$�� x′ = f(t,x, μ) :"� ���#.�� x(0) = x08 H!���

x * ���#%#� "�<�$��I t * $���.���%�1 :�"�%�$$�1G � μ * $��# #"6� %��6� :�"�%� "G

:"���%  ��#�G � # :"� μ = 0 �"�.$�$�� �%�� �$��� �����#� "�<�$��G .6"�3�$$#�

��"�� D��%�$ �"$6� ��$�(��8

�%�$$# D # "�<�$�� .6=�"�� �1 . ����� .� #:#"$#&# x̄ . �$��� ������B %� #!�BG �

:"�=��3�$$#� "�<�$�� :"�!� �.�1� �1 . .�!� �����$$#&# "1!� :# � �:�$1% μJ

x = x̄ +

p∑
i=1

xiμ
i,

&!� p * :#"1!#�  #�$#� � "�<�$�1G � xi * $���.�� $6� �#D���(��$ 6G �# #"6� #:"�!�?

�1A �1 :� �% :#!� �$#.�� . !����"�$(����$#� �"�.$�$�� � �:�$$#&# "1!� � �"�.$�?

.�$�1 �#D���(��$ #. :"� #!�$��#.6B � �:�$1B μ8 9"� D #% �#$� "��(�1 "�<�$�1 $�

��.��� # $�����$#&# ���#.�1G  8�8 "�<�$�� %#3$# "���%� "�.� � ��� #=C��8 ��.�� ?

$#G � # #$# =�!� :"�&#!$6% $� ."�%�$$#% �$ �".��� :#"1!�� μ−p8 �:"#��%G D � ��?

%��� ���$6� #�#=�$$#� � �$��� �����#&# "�<�$�1 !���"�!� �"�A �1 ��C�� .�$$6%�

$�!#� � ��%�G �# #"6� �3� . $�� #1C�� ."�%1 $� %#&� =6 � $� :"�$1 6 .# .$�%�$��8

H�!���J

x′ = f(t,x, μ), x(0) = x0

9"�=��3�$$6� %� #!6

�$��� ������� K����$$6�

�:#"$#� "�<�$��

x̄J x̄′ = f(t, x̄, 0) x̄ = x0

9"�=��3�$$#� "�<�$��

x = x̄ +
∑

ixiμ
i︸ ︷︷ ︸

δx

x = x̄ +
∑

ixit
i︸ ︷︷ ︸

δx
08 �=C��L

+8 ��1 =#��<�B t ∼
μ−pL

58 �� .��&!� ∃ x

/8 ��#3$#�

08 K�� $#�

+8 ��1 %��6B t

58 ���&!� ':"�� ��8)

∃ xL

/8 9"#� #�L

�=1�� ���$6% ���#.��% !�1 :#?

����$�1 �$��� �����#&# :"�=��3�$?

$#&# "�<�$�1 1.�1� �1 $������ B#?

"#<�&# #:#"$#&#G �# #"#� =6 #=��?

:���.��# %��#� � .#�%�C�$�� δx =

x − x̄8 �!$��# D # $� .��&!� .#�%#3?

$#G ���G $�:"�%�"G . ��!���B �� �?

"#�!$#� !�$�%���8 �"#%�  #&#G !�1

#=��:���$�1 !#� � #�$# .6�#�#�  #�?

$#� � :"�=��3�$$#&# "�<�$�1  "�?

=�� �1 =#��<#� :#"1!#� �::"#���%�?

(��G � # ��C�� .�$$# ���#3$1� "�?

<�$��8 �%�$$# D � $�!#� � �� � �$#?

.1 �1 &��.$#� :"���$#�G :#��%� . �#?

."�%�$$#� :"�� ��� .�� ��C� :"�=�?

&�A � �����$$#� ��� �"$� �.� . "�?

<�$�� !����"�$(����$6B �"�.$�$��8



;

� %� #!� "���#3�$�1 . "1! 
���#"� . ����� .� #:#"$#&# x̄ .6� �:�� $�����$#� x0G

� "�<�$�� :"�!� �.�1� �1 . .�!� �����$$#&# � �:�$$#&# "1!� :# tJ

x = x̄ +

p∑
i=1

xit
i,

&!� p * :#"1!#� %� #!�G � xi * �#D���(��$ 6 "1!� 
���#"�8 ���%# "1 $�  #G � #

�����$$#� "�<�$�� :"�&#!$# ��<� !�1 %��6B tG D �  "�!$#� � "��"�<�� �1 :� �% :#?

<�&#.#&# �$ �&"�"#.�$�1J =#��<#� �$ �".�� ."�%�$� !��� �1 $� %��6� :#!6$ �".��6

'<�&�)G $� �# #"6B :#���!#.� ���$# <�& �� <�&#% #:"�!��1A �1 :"�=��3�$$6� "�<�?

$�1G :"� D #% $� ��3!#% ���!�AC�% <�&� . ����� .� #:#"$#&# .6=�"�� �1 "�<�$��

:"�!6!�C�&# <�&�8

� �A!� &��.$#� !#� #�$� .# �����$$6B %� #!#. �#� #� .  #%G � # � �B :#%#C�A

:#� � .��&!� %#3$# :#���� � "�<�$�� !����"�$(����$6B �"�.$�$��8 �"#%�  #&#G %�?

 #!������1  #�$#� � %#3� =6 � :#.6<�$� $�  #���# �.�����$��% :#"1!�� �::"#���?

%�"�AC�� �#"%��6G $# � �%�$�<�$��% <�&� �$ �&"�"#.�$�18 � �.1�� � D �% �����$?

$#� "�<�$�� $� <�&� %#3� =6 � !#.#��$# :"#� 6%8 M# 1 $�#=B#!�%# ��%� � �G � #

.���!� .�� :#<�&#.#&# �$ �&"�"#.�$�1 �#%:�A �"$�1 "������(�1 ��3!#&# �����$$#&#

%� #!� !��  #���# ��� $#� "�<�$��8
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����� ���
��� ������� * D # �"�.$�$�� .�!�

x′ = f(t, x) '080)

� ��!�$$#� ��$�(��� f 8 H!��� < "�B #�$���� :#�$�A :"#��.#!$�A :# ."�%�$�8

	�$�(�1 x = x(t) $��6.�� �1 �������� '080)G ���� !�1 .��B t .6:#�$1� �1 "�.�$� .#

x′(t) = f(t, x(t)). '08+)

�� ��%#% !��� �"�.$�$�� '080) �%�� $� #!$#G � (��#� ��%��� .# "�<�$�� � #!$�% �.#?

=#!$6% :�"�%� "#%8 > # :�"�%� " #:"�!��1� �1 �!�$� .�$$6% #="��#%G ���� ��!�$#

����	
��� ��	�
��

x0 = x(t0). '085)

�����������	
��� ���
����� 
������ ������� �%�� .�!

x′′ = f(t, x, x′). '08/)

��<�$�� D #&# �"�.$�$�1 �#!�"3� �3� !.� :�"�%� "�G �# #"6� #:"�!��1A �1 �� $�?

����$#&# ���#.�1

x0 = x(t0), x′0 = x′(t0). '08;)

�=6�$# :"� �����$$#% "�<�$�� '08;) ..#!1 $#.6� :�"�%�$$6� x1 = x � x2 = x′ � D #

�"�.$�$�� :"�.#!1 � ������� ���
�����

x′1 = x2, x1(t0) = x0,

x′2 = f(t, x1, x2), x2(t0) = x′0.
'082)

���!�� ��%� � �G � # :#!#=$6% �:#�#=#% %#3$# :"�.�� � �A=�A ��� �%�G �#� #1C�A

�� �"�.$�$�� . #"#&# :#"1!��G � ��� �%� �"�.$�$�� :�".#&# :#"1!��8 ���.�!$#G '082)

1.�1� �1 ��� $6% ������% ��� �%6 �"�.$�$�� :�".#&# :#"1!�� #=C�&# .�!�

x′1 = f1(t, x1, . . . , xn), x1(t0) = x10,

. . .

x′m = fm(t, x1, . . . , xm), xm(t0) = xm0;

'084)

���

x′ = f(t,x), x(t0) = x0, '08@)

&!� x = (x1, . . . , xm)T G � f = (f1, . . . , fm)T 8 �����"�$(����$6� �"�.$�$�1 '08@) .%�� �

�# �.#�%� $�����$6%� ���#.�1%� �#� �.�1A ������ ����8

� $�<�% ��"�� %6 �#�"�!# #��% #�$#.$#� .$�%�$�� �%�$$# $�  �B %� #!�BG �# #"6�

=6�� �:�(����$# "��"�=# �$6 !�1 �����$$#&# �$ �&"�"#.�$�1 ��� �% '08@)8

9"� D #% %6 =�!�% :#��&� �G � # .�� #"?��$�(�1 f �!#.�� .#"1� ��	�
�� ����

����G  8�8 !�1 �A=6B "�<�$�� x1 � x2 �:"�.�!��.# $�"�.�$� .#

‖f(t,x1) − f(t,x2)‖ ≤ L‖x1 − x2‖, '08-)

&!� L *  �� $��6.��%�1 ���������� �������8
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�!$�% �� � �"��<�B %� #!#. "�<�$�1 !����"�$(����$6B �"�.$�$�� 1.�1� �1 �����

���	������ 
 ��� ���	���8

�="� �%�1 � ����1"$#%� �����A8 9�� �  "�=�� �1 $�� � "�<�$�� �"�.$�$�1 '080)

x′ = f(t, x)

!�1 ��!�$$#&# �$���$�1 t = t0 +T :"� $�����$#% ���#.�� x0 = x(t0)8 9# "�=��%G � #=6

f =6�� �$��� ��$� .  #��� 't0Gx0)8 �����"�$(�"�1 �"�.$�$�� :# tG =�!�% �%� �

x′′ = f ′
t + f ′

xx
′, x′′′ = f ′′

tt + 2f ′′
txx

′ + f ′′
xxx

′2 + f ′
xx

′′, . . .

9#!� �.�11 t0 � x0G :#���!#.� ���$# :#�����%

x′(t0), x′′(t0), x′′′(t0), . . . '+80)


���% #="��#%G :"� !#� � #�$# %��#% T :"�=��3�$$#� "�<�$�� . #�"�� $#� � t0 %#3$#

:"�!� �.� � . .�!� "1!� 
���#"�

x(t0 + T ) = x0 +

∞∑
i=1

x(i)(t0)

i!
T i. '+8+)

�=#".�% '�����%) "1! '+8+) $� p?% ���$�8 
#&!� :#����% :"�=��3�$$�A �#"%���

p��������

x(t0 + T ) ≈ xT = x0 +

p∑
i=1

x(i)(t0)

i!
T i '+85)

� ����������
�

Δx = x(t0 + T ) − xT =

∞∑
i=p+1

x(i)(t0)

i!
T i = O(T p+1). '+8/)

�� "�!$# .�!� �G � # :"� %��6B T :#&"�<$#� � Δx '��� �� ��������) =�!� #:"�!�?

�1 ��1 &��.$6% #="��#% :�".6% ���$#% "1!� '+8/)J

x(p+1)(t0)

(p+ 1)!
T p+1. '+8;)


&# $��6.�A �	�
�!� �	���� �����������8


��� !�1 t = t0 +T "1! 
���#"� '+8+) "��B#!� �1 ��� #<�=�� :"�=��3�$$#� �#"%�?

�6 '+85) !#.#��$# =#��<�1G  # :"�=�&�A �  �� $��6.��%#%� ������
��� ���������
��

���8 ���=�.�A [t0, t0 +T ] $� %��6� # "���� [tn, tn+1] 'n = 0, . . . , N −1)G &!� tN = t0 +T G

� :#���!#.� ���$# :#����A :"�=��3�$$6� "�<�$�1 xn+1 !# xN = xT :# �#"%���

xn+1 = xn +

p∑
i=1

x(i)(tn)

i!
hi

n+1 (n = 0, . . . , N − 1), '+82)

&!� hn+1 = tn+1 − tn * n?� ��� ���������
����8
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����%# "�% ��� $6� ������8 ��1 p = 1 � p = 2 � :#� #1$$6% <�&#% h �%��%

�#"%��6

xn+1 = xn + hf(tn, xn) (����� "�	���), '+84)

xn+1 = xn + hf(tn, xn) +
h2

2
[f ′

t(tn, xn) + f ′
x(tn, xn)f(tn, xn)]. '+8@)

���.$6% $�!#� � �#% %� #!� "���#3�$�1 . "1! 
���#"� 1.�1� �1  #G � # !�1 :#?

����$�1 :"#��.#!$6B '+80) $�#=B#!�%# �$� � :"#��.#!$6� # f ��� ��$�(�� t � x8

���.�!$#G ���� f * ��#3$�1 ��$�(�1G :#����$�� D �B :"#��.#!$6B %#3� :"�!� �.?

�1 � �#=#� .���%� � #%� ���$#� ��$1 ��8 � �.1�� � D �% %� #!6 "���#3�$�1 . "1!


���#"� "�!�# ��:#����A �1 $� :"�� ���8

�:"#��%G . $�=��$#� %�B�$��� �%�� %�� # "1! .�3$6B � :"����!$#�  #��� �"�?

$�1 ��!��G &!�G ��:#����1 �:�(����� !����"�$(����$6B �"�.$�$��G �!�� �1 :#���� �

!#� � #�$# :"#� 6� "���""�$ $6� �## $#<�$�1 !�1 ."�%�$$6B :"#��.#!$6B . "��?

�#3�$�1B 
���#"�8 � 0-;4 &8 �8 � ����$��$ :� �% ..�!�$�1 $#.6B .�:#%#&� ���$6B

:�"�%�$$6B .6.�� :#!#=$6� �## $#<�$�1 !�1 �����$$#&# �$ �&"�"#.�$�1 �"�.$�$��

:��$� $#� ��!���8

����%# "�% �!�A ������ #���������� $� :"�%�"� $#"%����#.�$$6B �"�.$�$��

��!��� !.�B  ��J

x′′ = − x

|x|3 . '+8-)


��� ..�� � .�:#%#&� ���$6� :�"�%�$$6� u = |x|−3G w = |x|−2G s = x · ẋ � σ = wsG  #

�"�.$�$�� '+8-) %#3$# :"�.�� � � !����"�$(����$#?��&�="������#� ��� �%� �"�.$�?

$�� � �.�!"� ��$6%� :"�.6%� ��� 1%�

x′′ = −ux, u′ = −3uσ, w′ = −2uσ, s = x · ẋ, σ = ws. '+80,)


#&!�G :#!� �.�11 . '+80,) � �:�$$6� "1!6 !�1 xG uG wG s � σ :# %��#%� :�"�%� "� h �

:"�"�.$�.�1 �#D���(��$ 6 :"� #!�$��#.6B � �:�$1B hG :#����% !�1 $�B "���""�$ ?

$6� �#"%��6

xj+2 = − 1

(j + 1)(j + 2)

j∑
i=0

xiuj−i, uj = −3

j

j−1∑
i=0

uiσj−i−1, wj = −2

j

j−1∑
i=0

wiσj−i−1,

sj =

j∑
i=0

(i+ 1)xi+1 · xj−1, σj =

j∑
i=0

wisj−1. '+800)

9"� D #% xi = x(i)(t0)/i! �#D���(��$ 6 $���.#&# :#"1!�� u0G w0G s0 � σ0 .6����1A �1

:# $�����$6% !�$$6% x0 � ẋ08

9#!#=$6� :#!B#!  ��3� :"�%�$1� �1 � !�1 �����$$#&# �$ �&"�"#.�$�1 =#��� ��#3?

$6B !����"�$(����$6B �"�.$�$�� $�=��$#� %�B�$���G . ��� $#� �G ��!��� $���#����B

 �� . ����������#� :#� �$#.��8



-

� �
���� � ��
!" ���

� $����� :"#<�#&# .��� �8�8
8 ��$&�G � �� �% �8 M#�$ � �8�8 ��  � :"�!�#3���

:#!B#!G #�$#.�$$6� $� :#� "#�$�� :"�=��3�$$#� �#"%��6G =����#� � '+85)G $� �#!�"?

3�C�� :"#��.#!$6B # f 8

�#� $
�	�� �
��� � ��


9�� � %6 �%��% ��!��� �#<�

x′ = f(t), x(t0) = x0. '580)

��1 �� "�<�$�1 :"�%�$�% %� #! >���"� '+84)8 �� :�".#% <�&� "�<�$�� =�!� 

x1 = x0 + hf(t0). '58+)

�6 �$��%G � # %� #! >���"� �%�� #<�=�� Δx = O(h2)8 �!$��# :#"1!#� #<�=��

%#3$# :#.6�� �G ���� . '58+) ��$�(�A f .6����1 � $� . t0G � . t0+h/2 '���
�	� �������

�����)G  8�8 ���� .%�� # '58+) ��:#���#.� � �B�%� �$ �&"�"#.�$�1

x1 = x0 + hf(t0 + h/2). '585)

���� .� ���$#G "���#3�% f(t0 + h/2) . � �:�$$#� "1! 
���#"�J

f(t0 + h/2) = f(t0) +
h

2
f ′(t0) +

1

2

(
h

2

)2

f ′′(t0) + . . . ;

� :#!� �.�% . '585)8 9#��#���� x′ = f G =�!�% �%� �

x1 = x(t0) + hx′(t0) +
h2

2
x′′(t0) +

h3

8
x′′′(t0) + . . . '58/)

�6 .�!�%G � # '58/) �#.:�!�� � "���#3�$��%  #�$#&# "�<�$�1 x(t0 + h) !#  "� ��&#

���$�8 ���!#.� ���$#G #<�=�� �#"%��6 '585) =�!� :#"1!�� h38

��$&� '0@-;) :#� �.�� .#:"#�J $����1 �� "��:"#� "�$� � %� #! '585) $� �"�.$�$��

x′ = f(t, x)N 9# �$��#&�� � '585) :�".6� <�& !#�3�$ �%� � .�!

x1 = x0 + hf(t0 + h/2, x(t0 + h/2)).

�# ���#� �$���$�� .�1 � !�1 x(t0 + h/2)N H� $��%�$��% ���<�&# ��$&� :"�!��&�� 

��:#���#.� � #!�$ <�& %� #!� >���"� !��$6 h/28 
#&!� :#�����%

x1 = x0 + hf(t0 + h/2, x0 + h/2f(t0, x0)), '58;)

���

k1 = f(t0, x0),

k2 = f(t0 + h/2, x0 + h/2k1), '582)

x1 = x0 + hk2.



0,

K #=6 #:"�!��� � :#"1!#� "�<�$�1 '58;)G "���#3�% �&# . "1!J

x1 = x0 + hf(t0, x0) +
h2

2
(f ′

t + f ′
xf)(t0, x0) +

h3

8
(f ′′

tt + 2f ′′
txf + f ′′

xxf
2)(t0, x0) + . . . ; '584)

� �"�.$�% � "���#3�$��%  #�$#&# "�<�$�1 x(t0 + h)J

x(t0+h) = x0+hf(t0, x0)+
h2

2
(f ′

t+f
′
xf)(t0, x0)+

h3

6
(f ′′

tt+2f ′′
txf+f ′′

xxf
2+f ′

tf
′
x+f ′2

x f)(t0, x0)+. . .

'58@)

�6�� �1 '584) �� '58@)G :#�����% :#&"�<$#� �

x(t0 + h) − x1 =
h3

24
(f ′′

tt + 2f ′′
txf + f ′′

xxf
2 + 4(f ′

tf
′
x + f ′2

x f))(t0, x0) + . . . = O(h3). '58-)


���% #="��#%G %6 :#������ ��#.�"<�$� .#.�$$6� %� #! >���"� . #"#&# :#"1!��G &!�

$�  "�=�� �1 $�B#!� � :"#��.#!$6� # f G ����� $�#=B#!�%6 . %� #!� "���#3�$�1 . "1!


���#"� '+8@)8

�#� �
���� � ��
!" ��� 	������ %����&�

�� #!6 ��$&�7��  6 . #"#&# :#"1!�� �%�A #=C�� .�!

x1 = x0 + h(b1f(t0, x0) + b2f(t0 + hc2, x0 + ha21f(t0, x0))), '580,)

���

k1 = f(t0, x0),

k2 = f(t0 + hc2, x0 + ha21k1), '5800)

x1 = x0 + h(b1k1 + b2k2);

&!� a21G b1G b2 � c2 * :#� #1$$6�G :#!��3�C�� #:"�!���$�A8 �� "�!$# .�!� �G � # �B�%�

��$&� '582) �� � ��� $6� ������ '5800)8

�:"�!���% :#� #1$$6� �B�%6 �$ �&"�"#.�$�1  ��G � #=6 #$� �%��� . #"#� :#"1!#�8

����#3�% '580,) . "1!J

x1 = x0 + h(b1 + b2)f(t0, x0) + h2b2[c2f
′
t + a21f

′
xf ](t0, x0) +O(h3);

� �"�.$�% � "���#3�$��%  #�$#&# "�<�$�1J

x1 = x0 + hf(t0, x0) + h2/2[f ′
t + f ′

xf ](t0, x0) +O(h3).

���!#.� ���$#G � #=6 �B�%� �$ �&"�"#.�$�1 �%��� . #"#� :#"1!#�G :#� #1$$6� !#�3?

$6 �!#.�� .#"1 � �"�.$�$�1%

b1 + b2 = 1, b2c2 = 1/2, b2a21 = 1/2 (��	�
�� 
������ �������). '580+)

��� �%� �"�.$�$�� '580+) !�� #!$#:�"�%� "�����#� ��%��� .# "�<�$��G �# #"#� %#3?

$# :"�!� �.� � . .�!�

b1 = 1 − α, b2 = α, a21 = c2 = 1/(2α),



00

&!� α �= 0 * �.#=#!$6� :�"�%� "8 ��:"�%�"G :"� α = 1/2 �%��% �����	� $����

x1 = x0 +
1

2
h[f(t0, x0) + f(t0 + h, x0 + hf(t0, x0))]. '5805)

> # �
��� �#"%���G . �# #"#�  "�=�A �1 !.� .6�����$�1 ��$�(�� f $� <�&�8

�#� '	��
 �
���� � ��
!" ���

��$&� :"#!�%#$� "�"#.�� �!�A :#����$�1 $#.6B %� #!#.  #���# !�1 $����B :#"1!�#.8

�# �%�$$# ��  � '0-,0) ��#"%���"#.�� #=C�A �B�%�  #&#G � #  �:�"� $��6.�� �1 %�?

 #!�%� ��$&�7��  68 ��!�% #:"�!���$�� D �B %� #!#. :"�%�$� ���$# � ��� �%� '08@)8

�� #!

k1 = f(t0,x0),

k2 = f(t0 + hc2,x0 + ha21k1),

k3 = f(t0 + hc3,x0 + h(a31k1 + a32k2)),

. . . '580/)

ks = f(t0 + hcs,x0 + h(as1k1 + . . .+ as,s−1ks−1)),

x1 = x0 + h(b1k1 + . . .+ bsks),

���

x1 = x0 + h
s∑

j=1

bjkj , k1 = f(t0,x0), ki = f(t0 + hci,x0 + h
i−1∑
j=1

aijkj) (i = 2, . . . , s)

$��6.�� �1 s�%����!� &s��������!�' �
�!� ������� (����)����! !�1 ��!��� '08@)8

�=6�$# �#D���(��$ 6 ci �!#.�� .#"1A ���#.�1%

c2 = a21, c3 = a31 + a32, . . . , cs = as1 + . . .+ as,s−1, ��� ci =
∑

j
aij.

�"#%�  #&#G :#��#���� �#&���$# '580/)

f(t0,x0) = lim
h→0

x1 − x0

h
= f(t0,x0)

s∑
j=1

bj ,  #
s∑

j=1

bj = 1.

�� #! ��$&�7��  6 '580/) �%�� ������� pG ���� !�1 '08@)

‖x(t0 + h) − x1‖ = o(hp), '580;)

 8�8 ���� "1!6 
���#"� !�1  #�$#&# "�<�$�1 x(t0 + h) � !�1 x1 �#.:�!�A !# ���$� hp

.��A�� ���$#8

��%.#������� %� #!6 ��$&�7��  6 '580/) :"�$1 # :"�!� �.�1 � . .�!�  �=��(6

0

c2 a21

c3 a31 a32

888
888

888
8 8 8

cs as1 as2 . . . as,s−1

b1 b2 . . . bs−1 bs

'5802)



0+

� ����� .� :"�%�"� "���%# "�% 1.$6� /?D �:$6� �	���������� ����� (����)����!

/?&# :#"1!�� !�1 :"#��.#��$#&# <�&� n + 1J

k1 = f(tn,xn),

k2 = f(tn + h/2,xn + hk1/2),

k3 = f(tn + h/2,xn + hk2/2), '5804)

k4 = f(tn + h,xn + hk3),

xn+1 = xn +
h

6
(k1 + 2k2 + 2k3 + k4).

������������ %� #! �%��  �=���$6� .�!

0

1/2 1/2

1/2 0 1/2

1 0 0 1

1/6 2/6 2/6 1/6

'580@)

�#( )*��	
� %����&�

�#D���(��$ 6 aij G bi � ci #:"�!��1A �1 ��  �� $��6.��%6B ��	�
�� �������8 > � ���#?

.�1 :#����A �1 �� "���#3�$�1 :"�=��3�$$#&# "�<�$�1 . "1! 
���#"� � �"�.$�$�1 �&#

� "���#3�$��%  #�$#&# "�<�$�18 9"� D #% �#D���(��$ 6 #:"�!��1A �1  ���% #="�?

�#%G � #=6 :#���� � . "���#3�$�1B ��� %#3$# =#��<� :#:�"$# #!�$��#.6B :�".6B

���$#.8

9#!#=$6� %�$�:��1(�� %6 .6:#�$1�� !�1 #:"�!���$�1 �#D���(��$ #. . %� #!�B

��$&�7��  6 . #"#&# :#"1!��8 � �#$��$#% � #&� %6 :#������ ���#.�1 . #"#&# :#"1!��

'580+)8 
���% 3� #="��#% $� "�!$# .6.�� � ���#.�1  "� ��&# :#"1!��8 �$� =�!� ∑
i

bi = 1, 2
∑
i,j

biaij = 1, 3
∑
i,j,k

biaijaik = 1, 6
∑
i,j,k

biaijajk = 1.

���#.�1 !�1 =#��� .6�#��B :#"1!�#. �"��.6���$# &"#%#�!��G � :#D #%� %6 $� =�!�%

�B "��%� "�.� �8

���.�!$#G �%�$$# ���#.�1 :#"1!�� ��!�A �.1�� %�3!� :#"1!�#% %� #!� p � ���?

�#% D �:#. '����#% #="�C�$�1 � ��$�(�� :"�.6B ��� ��) s8 � �#3���$�AG  #���# !#

�� .�" #&# :#"1!�� p = s8 ��1 %� #!#. =#��� .6�#�#&# :#"1!�� p < s8

�#+ �,
�&� %���
-��*�
 
 	�.�� ��
�� -���

����	
��� ����������
 %� #!� * D # :#&"�<$#� � $� #!$#% <�&�8 ��� %6 #:"�!�����

"�$��G %� #! p?:#"1!�� �%�� $� ��3!#% <�&� �#����$�A :#&"�<$#� �

‖en‖ ≡ ‖x(tn−1 + hn) − xn‖ = o(hp
n).
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e1

e2

e3 E3
E2
E1

x(t1)

x1

x(t2)

x2

x(t3)

x3

x0

t0 t1 t2 t3

a)
e1

e2

e3 E3
E2
E1

x(t1)

x1

x(t2)

x2

x(t3)

x3

x0

t0 t1 t2 t3

.

)

����$#� 580 * �:#�#=6 :�"�$���$�1 :#&"�<$#� ��

> # #�$���� G � # ��C�� .��  ���1 :#� #1$$�1 CG � # !�1 �A=6B hn �:"�.�!��.# $�"�?

.�$� .#

‖en‖ ≤ Chp+1
n . '580-)

*	� �	
��� ����������
� $��6.�� �1 :#&"�<$#� � �����$$#&# "�<�$�1 :#��� .6?

:#�$�$�1 $���#����B <�&#.8

58;80 �(�$�� &�#=���$#� :#&"�<$#� �

�!�$ �� �:#�#=#. #(�$�� &�#=���$#� :#&"�<$#� � 1.�1� �1 ��%%�"#.�$�� .��B #(�?

$#� !�1 �#����$6B :#&"�<$#� ��G ����������!+ $� �#$�( �$ �".��� �$ �&"�"#.�$�18

9#&"�<$#� � $� $��# #"#% n?% <�&� :�"�$#�� �1 :#�"�!� .#% .6:#�$�$�1 #� �.<�B�1

N − n <�&#. � ��:#���#.�$��% ��=#  #�$6B "�<�$��G ��=# :"�=��3�$$6B '"��8 580)8

� �:#�#=� :�"�$#�� :#&"�<$#� �� '"��8 580G =) $� $��# #"#% n?% <�&� "���%� "�.�A 

�C� #!$# '#<�=#�$#�) "�<�$�� znG �# #"#� # ����� �1 # "�<�$�1 xn $� �#����$�A

#<�=�� enG  8�8 zn = xn + en8 ��1 zn �B�%� �$ �&"�"#.�$�1 ��:�<� �1 ���

l1 = f(tn, zn),

l2 = f(tn + hn+1c2, zn + hn+1a21l1),

. . .

zn+1 = zn + hn+1(b1l1 + . . .+ bsls).


#&!� !�1 $#"% "��$#� �� =�!�% �%� �

‖k1 − l1‖ ≤ L‖xn − zn‖,
‖k2 − l2‖ ≤ L(1 + |a21|hn+1L)‖xn − zn‖,
. . .

‖xn+1 − zn+1‖ ≤ ‖xn − zn‖ + hn+1(|b1|‖k1 − l1‖ + . . .+ |bs|‖ks − ls‖), '58+,)



0/

&!� L ≥ 0 * :#� #1$$�1 E�:<�(� !�1 f 8 
��� ..�� � :#� #1$$�A

Λ = L

(∑
i

|bi| + hL
∑
i,j

|biaij | + h2L2
∑
i,j,k

|biaijajk| + . . .

)
≥ 0, &!� h = max hn;

:#���!$�� $�"�.�$� .# '58+,) %#3$# :�"�:��� � ���

‖xn+1 − zn+1‖ ≤ (1 + hn+1Λ)‖xn − zn‖ ≤ exp(hn+1Λ)‖xn − zn‖.

� �A!� #(�$�� !�1 :�"�$���$$#� :#&"�<$#� � $� n?% <�&� =�!� 

‖En‖ ≤ exp((tN − tn)Λ)‖en‖ ≤ exp((tN − tn)Λ)Chphn,

� #(�$�� !�1 &�#=���$#� :#&"�<$#� �

‖E‖ ≤
N∑

n=1

‖En‖ ≤ Chp

N∑
n=1

exp((tN − tn)Λ)hn ≤ Chp

∫ tN

t0

exp((tN − t)Λ)Ot.

���#$�(G :#�����%

‖E‖ ≤ hpC

Λ
(exp((tN − t0)Λ) − 1), '58+0)

���

‖E‖ = O(hp).

� �A!� ���!�� G � # .�� 1.$6� %� #!6 ��$&�7��  6 �+���,����G  8�8

lim
h→0

xN = x(tN).

�(�$��G :#!#=$�A '58+0)G !�1 &�#=���$#� :#&"�<$#� � %#3$#  ��3� :#���� � � !�1

$�1.$6B %� #!#. ��$&�7��  6G �# #"6� %6 "���%# "�% :#�3�8 9#D #%� � .�� $�1.$6�

%� #!6 * �B#!1C���18

58;8+ 9"�� ������1 #(�$�� :#&"�<$#� �8 >�� "�:#�1(�1 �����$$#&# "�<�$�18

��1 :"�� ��� #(�$�� :#&"�<$#� � $�#=B#!�%� � (���A .6=#"� #: �%���$#&# <�&�J �

#!$#� � #"#$6G !#� � #�$# %��#&# !�1 #=��:���$�1  "�=��%#�  #�$#� �G $# � !"�&#� *

!#� � #�$# =#��<#&# .# ��=�3�$�� =��:#���$#� .6����� ���$#� "�=# 68

���.�!$#G :#����$$6� $�%� #(�$�� :#&"�<$#� �� '580-) � '58+0) $� :"�!� �.�1A 

:"�� �����#� (�$$#� �G :#��#���� 1.�1A �1 ����� .�$$6%�8

��%6� � �"6� �:#�#=G �# #"6� �C� ��:#���#.�� ��$&� !�1 :"�� �����#� #(�$��

 #�$#� � �����$$#&# "�<�$�1G �#� #� . :#. #"�$�� .6�����$�� � �%�$�<�$$#� .!.#�

!��$#� <�&� � �"�.$�$�� "����� � #.8 ����%# "�% D # �:#�#= :#!"#=$��8

9"�!:#�#3�%G %6 ��:#�����% $��# #"6� %� #! ��$&�7��  6 :#"1!�� p8 � :"�.?

�11�� # $�����$6B �$���$�� x0G :#����% �$����� �����$$#� "�<�$�� x1(h) $� <�&�

h8 H� �% :#. #"�% �$ �&"�"#.�$�� # x0G :#���!#.� ���$# .6:#�$�. !.� <�&� !��$#�

h/28 9"� D #% :#����% �## .� � .�$$# !.� �����$$6B "�<�$�1 x1(h) � x2(h/2)8



0;

����#3�% :#&"�<$#� � e1(h) $� <�&� h . � �:�$$#� "1!8 9#��#���� $�< %� #! �%�� 

:#"1!#� pG  # "���#3�$�� :"�!� �.�%# . .�!�

e1(h) = x(t0 + h) − x1(h) = Chp+1 +O(hp+2), '58++)

&!� C .6"�3�� �1 ��"�� :"#��.#!$6� (p+ 1)?:#"1!�� # xG .6�����$$6� . t08

9#&"�<$#� � e1(h/2) "�<�$�1 x1(h/2)G #��.�!$#G =�!� �%� � .�! '58++)G $# !�1 h/2J

e1(h/2) = x(t0 + h/2) − x1(h/2) = C(h/2)p+1 +O(hp+2). '58+5)

9#&"�<$#� � . #"#&# <�&� �#� #� �� !.�B ��� ��J �� :�"�$���$$#� :#&"�<$#� � :�"?

.#&# <�&� E1(h/2) � �#����$#� :#&"�<$#� � . #"#&# e2(h/2)8

���!�% :�"�$���$$�A :#&"�<$#� � �:#�#=#%G :"�!� �.��$$6% $� "��8 580G �8 �#� �?

.�% !�1 $�� !����"�$(����$#� �"�.$�$��8 ����%# "�% !.� #!�$��#.6� ��� �%6 �"�.?

$�$�� .�!� '08@)G $# � "��$6%� $�����$6%� ���#.�1%�G # ����AC�%��1 $� $�����$�A

.�����$� �#����$#� :#&"�<$#� �J

x′ = f(t,x), x1(h/2) = x(t0 + h/2); � z′ = f(t, z), z1(h/2) = x1(h/2) + e1(h/2).

���!#.� ���$#G !�1 :�"�$���$$#� :#&"�<$#� � E ≡ z−x =�!�% �%� � !����"�$(����?

$#� �"�.$�$��

E′ = f(t, z) − f(t,x) =
∂f

∂x
E +O(E2), E0 = e1(h/2).

H�%� �%G � # O(E2) = O(h2p+2) * !#� � #�$# %���1 .�����$�G �# #"#� �!��� %#3$#

:"�$�="���8 ��<�1 D # �"�.$�$�� $� <�&� h/2 %� #!#% "���#3�$�1 . "1! 
���#"�G

:#����% $�#=B#!�%�A :�"�$���$$�A :#&"�<$#� �G :"�!� �.�%�A . .�!�

E1(h/2) =

(
I +

h

2

∂f

∂x
+O(h2)

)
e1(h/2) = (I +O(h))e1(h/2). '58+/)

E#����$�1 :#&"�<$#� � e2(h/2) $� . #"#% <�&� =�!� �%� � .�! '58+5)G $# P CG .6?

�����$$#� :"� x1(h/2) = x0 +O(h)G  8�8 � C +O(h)8

���#$�(G :#�$�1 '&�#=���$�1) :#&"�<$#� � $� . #"#% <�&� =�!� 

E(h/2) = E1(h/2) + e2(h/2) = (I +O(h))C(h/2)p+1 + (C +O(h))(h/2)p+1 +O(hp+2),

# ��!�

E(h/2) = x(t0 + h) − x2(h/2) = 2C(h/2)p+1 +O(hp+2). '58+;)

�� '58++) � '58+;) :#�����% �#$� �$ � CG � �� �% � :#&"�<$#� � e1(h)J

e1(h) = x(t0 + h) − x1(h) =
x1(h) − x2(h/2)

(1/2)p − 1
+O(hp+2). '58+2)

�� "�!$# .�!� �G � # �#"%��� '58+2) :#�.#�1� :# x2(h/2) � x1(h) :#���� � %������

��	���� �����$$#&# "�<�$�1

x̂1 = x1(h) +
x1(h) − x2(h/2)

(1/2)p − 1
, '58+4)
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���<� :"�!� �.�1AC�A  #�$#� "�<�$�� x(t0 + h)8 ���� .� ���$#G �#&���$# '58+2)

x(t0 + h) − x̂1 = O(hp+2),

 8�8 "�<�$�� x̂1 '58+4) �::"#���%�"��  #�$#� � :#"1!�#% p + 1G �#&!� x2(h/2) � x1(h) *

� :#"1!�#% p8


���% #="��#%G �#"%��� '58+2) !�� :"#� #� �:#�#= #(�$�� :#&"�<$#� �G  #&!� ���

'58+4) :#�.#�1� !#:#�$� ���$# :#.6�� �  #�$#� � �����$$#&# �$ �&"�"#.�$�1 $� #!�$

:#"1!#�8

9"�3!� ��% :�"�B#!� � � ���!�AC�%� "��!���G .6.�!�% #=C�A �#"%��� D�� "�:#?

�1(��8 ����%# "�% !.� "�<�$�1 xN(h/N) � xM(h/M)G �::"#���%�"�AC��  #�$#� "�<�$��

x(t0 + h) � :#����$$6� $� "��$6B "�.$#%�"$6B �� ��B � <�&�%� h/N � h/M �## .� ?

� .�$$#8 ��1 :#&"�<$#� �� D �B "�<�$�� %#3$# :#���� � #(�$��G �$��#&��$6� '58+;)J

E(h/N) = x(t0 + h) − xN(h/N) = NC(h/N)p+1 +O(hp+2),

E(h/M) = x(t0 + h) − xM(h/M) = MC(h/M)p+1 +O(hp+2),

�� �# #"6B :#��� ����A��$�1 C =�!�% �%� �

x(t0 + h) − xN(h/N) =
xN(h/N) − xM(h/M)

(N/M)p − 1
+O(hp+2).

���!#.� ���$#G D�� "�:#��"#.�$$#� "�<�$�� :#"1!�� p+ 1 %#3$# :"�!� �.� � . .�!�

x̂1 = xN(h/N) +
xN(h/N) − xM(h/M)

(N/M)p − 1
'%�������	���� (���������)8 '58+@)

�� "�!$# .�!� �G � # '58+4) �� � ��� $6� ������ '58+@) :"� N = 1 � M = 28

58;85 �6=#" <�&�

��� %6 �3� �$��%G .#�%#3$#� � ��:#���#.�$�1 :�"�%�$$#&# <�&� $�#=B#!�%� !�1 #=��?

:���$�1 !#:�� �%#� .�����$6 �#����$#� :#&"�<$#� �G � # .���%� .�3$# :"� ��#3$#%

:#.�!�$�� ��$�(�� f 8 �6 :"�!��&��% ���!�AC�� ��&#"� % .6=#"� <�&�8

9�� � ‖e‖tol = PQRST * !#:�� �%�1 .�����$� �#����$#� :#&"�<$#� �8 ��% $�#=B#!�?

%# :#!#="� �  ��#� <�& �$ �&"�"#.�$�1 h̄G �# #"6� =6 #=��:���.�� ��!�$$�A .�����$�

�#����$#� :#&"�<$#� � !�1 $��# #"#&# %� #!� ��$&�7��  6 :#"1!�� p8

� ��G .6:#�$1�% �$ �&"�"#.�$�� $� <�&� h � $� !.�B <�&�B h/28 � "����� � �

:#�����% !.� "�<�$�1 x1(h) � x2(h/2)G :# �# #"6% �� �% .6����1�% .�����$� �#����$#�

:#&"�<$#� � $� <�&� hG ��:#����1 &��.$6� ���$ :#&"�<$#� � '58+2)J

‖e‖cal =
‖x1(h) − x2(h/2)‖

1 − (1/2)p
.


#&!� $#.6� <�& h̄ #:"�!��1�% :# �#"%���

h̄ = h

(‖e‖tol

‖e‖cal

) 1
p+1

, '58+-)
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�# #"�1 ��� ������ :#����� �1 �� #(�$#�

‖e‖tol = Ch̄p+1 � ‖e‖cal = Chp+1.

����� #=6�$# :"�%�$1A D�� "�:#�1(�A '58+4)G �  �% � #=6 !#:#�$� ���$# :#.6�� �

 #�$#� � �����$$#&# "�<�$�18

���!�� ��%� � �G ���� :#.�!�$�� "�<�$�1 !#.#��$# &��!�#�G  # #(�$�� '58+-) %#3$#

:"�%�$1 � $� !�1  ���C�&#G � !�1 ���!�AC�&# <�&�G  8�8 ��:#���#.� � �#"%���

hn+1 = hn

(‖e‖tol

‖e‖cal

) 1
p+1

. '585,)

�#/ ����
���
 �
���� � ��
!" ���

-	�����!� �����! (����)����! #�$#.�$6 $� �$#% �:#�#=� #(�$�� �#����$#� :#?

&"�<$#� � ‖e‖cal !�1 .6=#"� :�"�%�$$#&# <�&�8 �B �!�1 �#� #� .  #%G � #=6 .%�� #

��:#���#.�$�1 D�� "�:#�1(�� ����"!�#$� :#� "#� �  ���� �#"%��6 ��$&�7��  6G �#?

 #"6� =6 �"#%� #�$#.$#&# "�<�$�1 x1 �#!�"3��� .6"�3�$�1 !�1 .�:#%#&� ���$#&#

"�<�$�1 x̂1 =#��� .6�#�#&# :#"1!��8 
#&!� :# :#���!$�%� %#3$# =6�# =6 #(�$� � :#?

&"�<$#� � x18

���!�� ��%� � �G � # !�1 ��&#"� %� .6=#"� :�"�%�$$#&# <�&� %#3$# ��:#���#?

.� � "�<�$�� x̂1 =#��� $���#&# :#"1!�� � :# .�����$� �&# :#&"�<$#� � # $#�� ���$#

#�$#.$#&# "�<�$�1 x1 .6=�"� � <�& �$ �&"�"#.�$�18 M# 1  #&!� %6 $� =�!�% �%� �

�$�#"%�(�A #  #�$#� � #�$#.$#&# "�<�$�1 x18

��#3�$$6� %� #!6 ��$&�7��  6 �%�A  �=���$6� .�!

0

c2 a21

c3 a31 a32

888
888

888
8 8 8

cs as1 as2 . . . as,s−1

b1 b2 . . . bs−1 bs

b̂1 b̂2 . . . b̂s−1 b̂s

'5850)

� �B�%� �$ �&"�"#.�$�1 #�$#.$#� "�<�$��

x1 = x0 + h(b1k1 + . . .+ bsks)

�%�� :#"1!#� pG  #&!� ��� .�:#%#&� ���$#�

x̂1 = x0 + h(b̂1k1 + . . .+ b̂sks)

* :#"1!#� q = p+1 '��=# q = p−1)8 9"� D #% #<�=�� #�$#.$#&# "�<�$�1 '��=# .�:#%#?

&� ���$#&#) #(�$�.�� �1 ��� ‖e‖cal = ‖x1−x̂1‖ = h‖(b1− b̂1)k1+. . .+(bs− b̂s)ks‖G � # !�� 

B#"#<�A #(�$�� &��.$#&# ���$� %� #!�����#� :#&"�<$#� � '+8;)8 ��#3�$$6� %� #!6
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#=6�$# $��6.�A :# ��%���� �. #"� � �����$��% :#"1!�#. #�$#.$#&# � .�:#%#&� ���?

$#&# "�<�$�� p 'q)8 �� :"�� ��� <�"#�# ��:#����A �1 .�#3�$$6� %� #!6 ��"�#$�G

�$&�D$!�G 	���!=�"&�G �  ��3� �#"%�$�79"�$��8 � ����� .� :"�%�"� :"�.�!�% �B�%�

��"�#$� / ';)J
0

1/3 1/3

1/3 1/6 1/6

1/2 1/8 0 3/8

1 1/2 0 −3/2 2

x1 1/2 0 −3/2 2 0

x̂1 1/6 0 0 2/3 1/6

'585+)

�#0 �
�	��
 �
���� � ��
!" ���

�� #!

k1 = f(t0 + hc1,x0 + h(a11k1 + . . .+ a1sks)),

. . . '5855)

ks = f(t0 + hcs,x0 + h(as1k1 + . . .+ assks)),

x1 = x0 + h(b1k1 + . . .+ bsks),

���

x1 = x0 + h
s∑

j=1

bjkj , ki = f(t0 + hci,x0 + h
s∑

j=1

aijkj) (i = 1, . . . , s)

$��6.�� �1 s�%����!� &s��������!�' ���
�!� ������� (����)����! !�1 ��!���

'08@)8

9"#� 6� :"�%�"6 $�1.$6B %� #!#. ��$&�7��  6 * D # ���
�!� ����� "�	��� ':�"?

.#&# :#"1!��)

xk+1 = xk + hf(tk+1,xk+1) '585/)

� ����� �������� '. #"#&# :#"1!��)

xk+1 = xk +
h

2
[f(tk,xk) + f(tk+1,xk+1)]. '585;)

� �## .� � .�� � '5855) $�1.$6� %� #!6 =�!� �%� �  �=���$6� .�!

c1 a11 a12 . . . a1s

c2 a21 a22 . . . a2s

888
888

888
8 8 8

888

cs as1 as2 . . . ass

b1 b2 . . . bs

���.$6% $�!#� � �#% $�1.$6B %� #!#. ��$&�7��  6 1.�1� �1  #G � # .�����$6

ki ��!�A �1 . '5855) $�1.$6% #="��#%G � :#D #%� �B $�3$# $�B#!� � � �"�(�#$$6%
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�:#�#=#%8 ��1 D #&#G ��� :"�.��#G ��:#����A ����� �����!+ ��������J

kl+1
1 = f(t0 + hc1,x0 + h(a11k

l
1 + . . .+ a1sk

l
s)),

. . . '5852)

kl+1
s = f(t0 + hcs,x0 + h(as1k

l
1 + . . .+ assk

l
s)).

�.�!�% K = (k1, . . . ,ks) � $#"%� ‖K‖ = maxi ‖ki‖8 
#&!� '5852) %#3$# ��:��� �

. .�!� Kl+1 = F(Kl)G &!� F = (f1, . . . , fs)G � fi(K) = f(t0+hci,x0+h(ai1k1+. . .+aisks)) (i =

1, . . . , s). �� ���#.�1 E�:<�(� '08-) !�1 !.�B :"#��.#��$6B K1 � K2 =�!� �:"�.�!��.#

$�"�.�$� .#

‖F(K1) − F(K2)‖ ≤ hLmax
i

∑
j
|aij|‖K1 − K2‖. '5854)

��1 �B#!�%#� � %� #!� :"#� 6B � �"�(�� # #="�3�$�� F !#�3$# =6 � �3�%�AC�%G

� # �#&���$# '5854) #���6.�� �1 .#�%#3$6% :"� ���#.��G �#&!�

h <
1

Lmaxi

∑
j |aij | . '585@)

���.�!$#G !�1 $�B#3!�$�1 ki $�#=B#!�%#G :# %�$�<�� %�"�G !.� � �"�(��8 � �A!�

.�� $�1.$6� s?D �:$6� %� #!6  "�=�A .6�����$�� ��$�(�� f $� <�&� $� %�$�<�G ��%

2s8 '� !�$$#% ������ ����# s � ����# .6�����$�� ��$�(�� f $� #!$# �  # 3�G ��� .

1.$6B %� #!�B8) 
���% #="��#%G $�1.$6� %� #!6 !#�3$6 "�=# � � %�!��$$��G $�3���

1.$6� �  �% 3� ����#% D �:#. s8

���%# "1 $� D #G :"�.���� ���$#� � $�1.$6B %� #!#. �#� #� .  #%G � # :"� .��B

s ��C�� .�A  ���� %� #!6G �# #"6� �%�A :#"1!#� p = 2s8 U8 ��$(%�$ '0-20) �

�38 V� ��" '0-2/) :#������G � #  ��#� :#"1!#� p !#� �&�� �1 :� �% �:�(����$#&# .6?

=#"� �#D���(��$ #. ci8

����%# "�% !.� %� #!� @?&# :#"1!��J 1.$6� �#"%�$�79"�$�� 's = 13) � $�1.$6�

��$(%�$�7V� ��"� 's = 4)8 �� :"�� ��� $�����$6� :"�=��3�$�1 k
(0)
i . $�1.$6B %� #?

!�B :#����A �� �## .� � .�AC�B .�����$ $� :"�!6!�C�% <�&�8 
#&!� :"� B#"#<�%

.6=#"� $�����$6B :"�=��3�$�� !�1 �B#!�%#� � � �"�(�#$$#&# :"#(���� %#3� :# "�?

=#.� ��1 .��&# +75 � �"�(��8 9#D #%� %#3$# ��� � �G � # %� #! ��$(%�$�7V� ��"�

=�!� .6����1 � ��$�(�A f @70+ "�� $� <�&�G  #&!� ��� %� #! �#"%�$�79"�$�� * 058

���!#.� ���$#G =��&#!�"1 �.#�%� ��%��� ���$#%� �.#�� .� $�1.$6� %� #! =�!� "�=#?

 � � =6� "��8 �"#%�  #&#G $�#=B#!�%# ��%� � �G � # � :#.6<�$��% :#"1!�� p "��$#� �

s− p !�1 1.$6B %� #!#. �.�����.�� �1G :#D #%� �����$$#� :"��%�C�� .# $�1.$6B %�?

 #!#. =�!�  #���# .#�"�� � �8

�#1 $�����& 
 -�� 
��
��
��	��
� %�
 &��%23�
���� �
��
��,

 �
����


�#"� ������ �#.%�� $#� �.�����$�� :#"1!�� � �%�$�<�$�� <�&� %� #!� $�#&"�$���$?

$# :#.6<�A %� #!������A  #�$#� � �����$$6B "����� � #. �$ �&"�"#.�$�18 �!$�?

�# :"� �#%:�A �"$#� "������(�� . �"��%� ��� � #:"�!���$$#�  #�$#� �A .���!� .��

#<�=#� #�"�&��$�1 ��C�� .�A  ���� �$���$�1 :�"�%� "#. �$ �&"�"#.�$�1G �# #"6�



+,

!�A :"�!���$# .6�#��A %� #!������A  #�$#� � ..�!�  #&#G � # %� #!������� #<�=?

�� � �$#.1 �1 �#��%�"�%6%� � #<�=��%� #�"�&��$�1G � . D #% ������ $� �%�� �%6�?

�� :"�!:"�$�%� � �����?��=# !���$��<�� :#:6 �� :#���� � =#��� .6�#��A  #�$#� �

�����$$#&# �$ �&"�"#.�$�18

9#����% #(�$�� #: �%���$#� :�"6 :#"1!#�7<�& �$ �&"�"#.�$�1 :"�%�$� ���$# �

�����$$#%� "�<�$�A !����"�$(����$6B �"�.$�$�� �"�&#.#� !.�%�"$#� ��!��� !.�B

 ��J

r′ = v, v′ = − μ

|r|3 r.

H!��� r = (r1, r2) � v = (v1, v2) * .�� #"6 :#�#3�$�1 � ��#"#� � �## .� � .�$$#G � μ *

&"�.� �(�#$$6� :�"�%� "8 9#��#���� |r| = a = PQRSTG =�!�% :#��&� �G � # .�����$�

μ/|r|3 = ν2 = PQRSTG  8�8 "�<�$�� x = (r,v) #:��6.�� �1 �"�.$�$�1%� &�"%#$�����#&#

#�(���1 #"� � ��� # #� ν � %#3� =6 � ��:���$# . .�!�

x1 = r1 = a cos νt, x2 = r2 = a sin νt, x3 = v1 = −aν sin νt, x4 = v2 = aν cos νt.

�(�$�% %� #!������A #<�=�� |e|M :# &��.$#%� ���$� :#&"�<$#� � '+8;)J

|e|M =
a
√

1 + ν2(νh)p+1

(p+ 1)!
, '585-)

&!� ��:#���#.�$� �#"%��� |x(p+1)| = aνp+1
√

1 + ν28 �#&���$# �#"%���% %� #!#. ��$&�7

��  6 #<�=�� #�"�&��$�1 |e|R %#3$# #(�$� � ���

|e|R = ε|x| = εa
√

1 + ν2, '58/,)

&!� ε * %�<�$$6� D:���#$8

���.�!$#G � # $� �%�� �%6��� .6=�"� �  ���� <�& � :#"1!#� �$ �&"�"#.�$�1G :"�

�# #"6B %� #!������1 #<�=�� =�!� %�$�<� #<�=�� #�"�&��$�18 �� ���#.�1 |e|M =

|e|R :#����% # $#<�$�� %�3!� #: �%���$6%� :�"�%� "�%� �$ �&"�"#.�$�1 h � pJ

hp+1
ϕ = ε(p+ 1)!, '58/0)

&!� hϕ = νh * <�& :# !#�&# � ϕ = νtG �## .� � .�AC�� <�&� h8

� $#<�$�� '58/0) !�� $�3$AA &"�$�(� !�1 <�&� hG .  # ."�%1 ��� !�1 $�1.$6B

%� #!#. �%�� %�� # .�"B$11 &"�$�(�G ��!�.��%�1 ���#.��% '585@)8 
��� :#�#3� �G � #

maxi

∑
j |aij | = 1 '. !��� .� ���$#� � %����%�% =���#� � �!�$�(�)G  # :#����% ���!�?

AC�� #&"�$���$�� $� <�& �$ �&"�"#.�$�1 h < 1/L ��� hϕ = ν/L8 �(�$�% :#� #1$$�A

E�:<�(� L !�1 �����!��%#� ��!���8

����%# "�% # $#<�$��
|δf |2
|δx|2 =

ν4|δr|2 + |δv|2
|δr|2 + |δv|2 ,

&!� δxG δr � δv * .��.#�%#3$6� "��$#� � .�� #"#. . �## .� � .�AC�B :�"�%�$$6B8

9"�$�%�1 |δr| = ξ cosψ � |δv| = ξ sinψG &!� ξ ≥ 0 � 0 ≥ ψ ≥ π/2G =�!�% �%� �

|δf |2
|δx|2 = (ν4 − 1) cos2 ψ + 1.



+0

� �A!� $� "�!$# .�!� �G � # .�� �$���$�1 # $#<�$�1 ��3� %�3!� 0 � ν48 ���!#.�?

 ���$#G �#&���$# '08-) . ����� .� :#� #1$$#� E�:<�(� %#3$# .6="� � L = max(1, ν2)8


#&!� :#�����% .�"B$AA &"�$�(� <�&�

hϕ <
ν

max(1, ν2)
≤ 1.


���% #="��#%G . ���<�% ������G � �%�$$# :"� ν = 1G �#&!� .�"B$11 &"�$�(� %��?

��%���$�G <�& �$ �&"�"#.�$�1 hϕ !#�3�$ �!#.�� .#"1 � $�"�.�$� .�%

ε(p+ 1)! < hp+1
ϕ < 1.

���.�!$#G ���#.��

ε(p+ 1)! > 1 '58/+)

#�$���� G � # :#"1!#� %� #!� ��.6<�$ � ��:#���#.�$��  ��#&# %� #!� :"� .6�����$�1B

. �"��%� ��� �  #�$#� �A ε $� "���%$# .  #% �%6���G � #  � 3�  #�$#� � "����� �?

 #. �$ �&"�"#.�$�1 %#3$# :#���� � � ��:#���#.�$��% %� #!#. =#��� $����B :#"1!�#.8

�: �%���$6� :#"1!�� p $�1.$6B %� #!#. ��$&�7��  6 !�1 "�����$6B εG �## .� � .�?

AC�B #!�$�"$#�G !.#�$#�G "��<�"�$$#� � �� .�"$#�  #�$#� �G :"�!� �.��$6 .  �=��?

(�8 M# 1 ���!�� �%� � . .�!�G � # D � :#"1!�� :#����$6 !�1 ��!��� � ν = 18 � �$#%

������ #$� %#&� =6 � %�$�<�8

�����%���$# .#�%#3$6� :#"1!�� p $�1.$6B %� #!#. !�1 "�����$6B ε

ε 1.1 · 10−7 2.2 · 10−16 1.1 · 10−19 1.9 · 10−34

p - 02 0- +-

�#4 "����&�,
����
 �
����

����6.�� �1G � # %$#&�� $�1.$6� %� #!6 ��$&�7��  6 $��# #"6% #="��#% D�.�.�?

��$ $6  �� $��6.��%6% �#��#��(�#$$6% %� #!�%8 ��$#.$�1 �!�1 ��		��������!+ ���

����
 !�1 "�<�$�1 #=6�$#.�$$6B !����"�$(����$6B �"�.$�$�� �#� #� .  #%G � #=6

. ����� .� :"�=��3�$$#&# "�<�$�1 x :#!#="� �  ��#� :#��$#% g :#"1!�� sG �# #"6�

=6 �!#.�� .#"1� ���#.�1% ��!��� �#<� '08@) . s+ 1  #���BJ

g(t0) = x0, g′(t0 + cih) = f(t0 + cih, g(t0 + cih)) (i = 1, . . . , s), '58/5)

&!� ci * .�C�� .�$$6� �����G .6=�"��%6�G ��� :"�.��#G $� # "���� [0, 1]8 � �## .� � .��

� '58/5) :"�=��3�$$#� "�<�$�� �"�.$�$�1 $� <�&� h :"�!� �.�1� �1 . .�!� x1 = g(t0 +

h)8 ��:"�%�"G !�1 s = 1 :#��$#% !#�3�$ �%� � .�! g(t) = x0 + (t − t0)k � ��$��$6%

�#D���(��$ #%

k = g′(t0 + c1h) = f(t0 + c1h, g(t0 + c1h)) = f(t0 + c1h,x0 + c1hk).

� �A!� .�!$#G � # 1.$6� � $�1.$6� %� #!6 >���"�G �  ��3� %� #! �"�!$��  #���

1.�1A �1 �#��#��(�#$$6%� � �#D���(��$ �%� c1 = 0G c1 = 1 � c1 = 1/2 �## .� � .�$$#8



++

�.�!�% #=#�$���$��

ki = f(t0 + cih, g(t0 + cih)). '58//)


#&!� �$ �":#��"�AC�1 ��$�(�1 E�&"�$3� !�1 g′(t) =�!� 

g′(t0 + τh) =
s∑

j=1

kjlj(τ), &!� lj(τ) =
∏
m�=j

τ − cm
cj − cm

, '58/;)

� τ = (t− t0)/h8 � �A!� �$ �&"�"�1 '58/;) :# τ � :#����1�� ��:���A '58//)G =�!�% �%� �

x1 = x0 + h

s∑
j=1

kj

∫ 1

0

lj(τ)Oτ, ki = f(t0 + cih,x0 + h

s∑
j=1

kj

∫ ci

0

lj(τ)Oτ) (i = 1, . . . , s).

'58/2)

�� "�!$# .�!� �G � # �#"%��6 '58/2) �#.:�!�A � �#"%���%� $�1.$#&# %� #!� ��$&�7

��  6 '5855)G &!� . ����� .� �#D���(��$ #. aij � bi .6� �:�A 

aij =

∫ ci

0

lj(τ)Oτ, bj =

∫ 1

0

lj(τ)Oτ (i, j = 1, . . . , s). '58/4)

�� #!6 ��$&�7��  6 � �#D���(��$ �%� '58/4) $��6.�A �1 �#��#��(�#$$6%�8

����� :#��#����

τ q−1 =
s∑

j=1

cq−1
j lj(τ) (q = 1, . . . , s)

' 8�8 �$ �":#�1(�1 E�&"�$3�  #�$� !�1 .��B :#��$#%#. $�3� s?&# :#"1!��)G  # �#D�?

��(��$ 6 '58/4) !#�3$6 �!#.�� .#"1 � ��� �%�% ��$��$6B �"�.$�$��

s∑
j=1

aijc
q−1
j =

cqi
q
,

s∑
j=1

bjc
q−1
j =

1

q
(i, q = 1, . . . , s). '58/@)

� %� �%G � # �#��#��(�#$$6� �#"%��6 #��$� �!#=$6 !�1 #:"�!���$�1 :"�=��3�$?

$6B �$���$�� k ���!�AC�&# <�&�8 �=#�$���1 �B ��� k̄G � .�����$� ���!�AC�&# <�&�

h̄G �#&���$# �#"%���% '58/;) :#�����% D�� "�:#��"#.�$$�A #(�$��

k̄i =
s∑

j=1

kjlj(1 + cih̄/h) (i = 1, . . . , s).

�#�5 �
���� �� **�

� #=C�% ������ %� #! '58/2) �%�� :#"1!#� p = s8 �!$��# V� ��" :#�����G � # ����

�#D���(��$ 6 bj � cj �!#.�� .#"1A :�".6% 2s �"�.$�$�1% .# . #"#� ��� �%� '58/@)

' 8�8 ���� #$� 1.�1A �1 �## .� � .�$$# .���%� � ����%� �
���������� �����	! *�����)G

�#��#��(�#$$6� %� #! ��$&�7��  6 =�!� �%� � :#"1!#� p = 2s8

��.�� $#G � # ���#.6� �$���$�1 �.�!"� �"$#� �#"%��6 ������ $� # "���� [0, 1] 1.?

�1A �1 �#"$1%� �%�C�$$#&# :#��$#%� E�3�$!"�G �$��� &#.#"1G #$� 1.�1A �1 "�<�?

$�1%� �"�.$�$�1
Os

Oτ s
[τ s(τ − 1)s] = 0. '58/-)
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9#D #%� !�1 :#����$�1 �#��#��(�#$$#&# %� #!� :#"1!�� p = 2s $� :"�� ��� �!#=$#

�$����� .6����1 � ci �� �"�.$�$�1 '58/-)G � �� �% * aij � bi �� �#"%�� '58/4)8

���=��$�� <�&� ���#.6%� �$���$�1%� ciG �!#.�� .#"1AC�%� �"�.$�$�A '58/-)G $�?

�6.�� �1 ��� ������ *�����)��������8 
��� �������"#.� � $�����$#� ���#.#� �$���?

$�� 'c1 = 0)G ��=# �#$��$#� 'cs = 1)G ��=# �  #G � !"�&#� 'c1 = 0 � cs = 1)G  # :#����%

!"�&�� ��.�� $6� "��=��$�1 ������J 	�
�� � ���
�� ��� ����� (��� � ��� ����� �� ���

��G �# #"6� �## .� � .�$$# �!#.�� .#"1A �"�.$�$�1%

Os−1

Oτ s−1
[τ s(τ − 1)s−1] = 0,

Os−1

Oτ s−1
[τ s−1(τ − 1)s] = 0,

Os−2

Oτ s−2
[τ s−1(τ − 1)s−1] = 0.

�!$��# �A=#� �#��#��(�#$$6� %� #!G :#� "#�$$6� $� #!$#% �� D �B "��=��$��G =�!� 

�%� � :#"1!#� $�3� 2sJ ���#.6� �$���$�1 ��!# !�A %� #! :#"1!�� p = 2s−1G � ���#.6�

�$���$�1 E#=�  # * p = 2s − 28 �� #!6G #�$#.�$$6� $� "���%# "�$$6B "��=��$�1BG

$��6.�A �C� �������� *�����8

9#����% %� #! ��$(%�$�7V� ��"� /?&# :#"1!�� (s = 2)8 �"�.$�$�� ���#. '58/-)

%#3$# :"�#="��#.� � � .�!�

6τ 2 − 6τ + 1 = 0, # �A!� c1,2 =
1

2

(
1 ∓ 1√

3

)
.

H� �%G ��:#����1 �#"%��6 '58/4) � ��$��$6%� ��$�(�1%� l1 = (τ − c2)/(c1 − c2) �

l2 = (τ − c1)/(c2 − c1)G $�B#!�% �#D���(��$ 6

a11 = a22 =
1

4
, a12,21 =

1

4

(
1 ∓ 2√

3

)
, b1 = b2 =

1

2
.

����� "���%# "�% :"�� ������A "������(�A �#��#��(�#$$6B %� #!#. $� :"�%�"�

�$ �&"� #"� >.�"B�" �G �# #"6� <�"#�# :"�%�$1� �1 . $�=��$#� %�B�$���8

�#�� ���
������ 6	
�7����

� 0-45 &8 >8 >.�"B�" :"�!�#3�� �$ �&"� #"G "��"�=# �$$6� �% �:�(����$# !�1 �����$?

$#&# �����!#.�$�1 #"=� G � :"#!�%#$� "�"#.�� �&# .6�#��A D���� �.$#� � . ��!���B

�#%� $#� !�$�%���8 9#?.�!�%#%�G #=$�"�3�. . !���$��<�% :"�$�!��3$#� � �.#�&#

�$ �&"� #"� � ��%��� .� �$ �&"� #"#.  �:� V� ��"�G >.�"B�" ��(�$ �"#.�� .$�%�?

$�� $� #"�&�$���$# "�����#.�$$#% �% ��&#"� %� �$ �&"�"#.�$�1 � #=#=C�� �&# !�1

�����$$#&# "�<�$�1 �A=6B #=6�$#.�$$6B !����"�$(����$6B �"�.$�$�� :�".#&# �

. #"#&# :#"1!�#.8 
�% ��%6% �%� �!��#�� "��<�"� � #=��� � :"�%�$�$�1 �.#�&# �$ �?

&"� #"�G �# #"6�  �% $� %�$�� #� �� �1 #!$�% �� ��%6B :#:��1"$6B �%�$$# . "�<�$��

��!�� $�=��$#� %�B�$���8

580080 ��$#.$6� �#"%��6

9"�!:#�#3�%G $� <�&� h %6 "�<��% ��!��� �#<� '08@)J

x′ = f(t,x), x0 = x(t0).



+/

�.�!�% τ = (t− t0)/h � :"�!� �.�% :"�.�A ��� � �"�.$�$�� f . .�!� :#��$#%� � �:�$�

s− 1J

x′ = x′
τ/h = f = A1 + A2τ + A3τ

2 + . . .+ Asτ
s−1, '58;,)

&!� �#D���(��$ 6 A :#�� $� #:"�!���$68 �$ �&"�"�1 '58;,) :# τ G :#�����% "�<�$��

x = x0 + h

(
A1τ +

1

2
A2τ

2 +
1

3
A3τ

3 + . . .+
1

s
Asτ

s

)
. '58;0)

9�"�:�<�% '58;,) . .�!� �$ �":#�1(�#$$#&# %$#&#���$� ��A #$� $� �� �� τ1, . . . , τsJ

f = α1 + α2(τ − τ1) + α3(τ − τ1)(τ − τ2) + . . .+ αs(τ − τ1) . . . (τ − τs−1). '58;+)

�� �## $#<�$��

f1 = α1,

f2 = α1 + α2(τ2 − τ1),

f3 = α1 + α2(τ3 − τ1) + α3(τ3 − τ1)(τ3 − τ2)

. . .

'58;5)

:#�����% �#$��$6� "��$#� � αJ

α1 = f1

α2 = (f2 − α1)/(τ2 − τ1),

α3 = ((f3 − α1)/(τ3 − τ1) − α2)/(τ3 − τ2).

. . .

'58;/)

� �.#A #��"�!�G �"�.$�.�1 '58;,) � '58;+)G =�!�% �%� �

A1 = α1 + (−τ1)α2 + (τ1τ2)α3 + . . .+ (−1)s−1(τ1 . . . τs−1)αs = c11α1 + c21α2 + . . .+ cs1αs,

A2 = α2 + (−τ1 − τ2)α3 + . . . = c22α2 + . . .+ cs2αs,

. . . . . . . . .

As = αs = cssαs.

'58;;)


#&!� #="� $6� :�"�B#! # A � α %#3$# :"�!� �.� � ���

α1 = d11A1 + d21A2 + . . .+ ds1As,

α2 = d22A2 + . . .+ ds2As,

. . . . . .

αs = dssAs.

'58;2)

�#D���(��$ 6 cij � dij 1.�1A �1 ���	��� #���	����G �# #"6� .6����1A �1 :# �#"?

%���%

cii = dii = 1, ci0 = di0 = 0 (i > 0),

cij = ci−1,j−1 − τi−1ci−1,j, dij = di−1,j−1 − τjdi−1,j (i > j > 0).
'58;4)



+;

58008+ �$ �&"�"#.�$�� $� <�&�

������$6 α #:"�!��1A �1 :# f G �# #"6�G . �.#A #��"�!�G .6����1A �1 :# "�<�$�1%

x8 �#&���$# '58;0) D � "�<�$�1 =�!�% ��!�.� � ���

x1 = x0 + h

(
A1τ1 +

1

2
A2τ

2
1 + . . .+

1

s
Asτ

s
1

)
,

. . . '58;@)

xs = x0 + h

(
A1τs +

1

2
A2τ

2
s + . . .+

1

s
Asτ

s
s

)
.

	#"%��6 '58;@) :"�!� �.�1A �#=#� $�1.$6� �"�.$�$�1 # $#�� ���$# xG :#D #%� #$�

"�<�A �1 � �"�(�#$$6% �:#�#=#%8

��1 :#����$�1 $�����$#&# :"�=��3�$�1 ᾱ $� ���!�AC�% <�&� h̄ ��:#����� �1 �$?

�#"%�(�1 # �#D���(��$ �B A $�  ���C�% <�&� h8 V��"��%�"$�1 $���.���%�1 :�"�?

%�$$�1 ���!�AC�&# <�&� =�!� τ̄ = (t− th)/h̄G &!� th = t0 + h8 � �A!�

τ = rτ̄ + 1, '58;-)

&!� r = h̄/h8 �#&���$# '58;,)

A1 + A2τ + A3τ
2 + . . .+ Asτ

s−1 = Ā1 + Ā2τ̄ + Ā3τ̄
2 + . . .+ Āsτ̄

s−1. '582,)

9#!� �.�11 '58;-) . '582,) � :"�"�.$�.�1 �#D���(��$ 6 :"� #!�$��#.6B � �:�$1B τ̄ G

:#�����%
Ā1 = e11A1 + e21A2 + e31A3 + . . .+ es1As,

Ā2 = r(e22A1 + e32A2 + . . .+ es2As),

Ā3 = r2(e33A2 + . . .+ es3As),

. . . . . .

Ās = rs−1essAs,

'5820)

&!� eij * ���	� ��������������� ������	
����G .6����1�%6� :# "���""�$ $6% �#"?

%���%

eii = ei1 = 1, eij = ei−1,j−1 + ei−1,j (i > j > 1). '582+)

9#����1�� �## $#<�$�1%� '58;2) !�1 ĀG =�!�% �%� � $�����$#� :"�=��3�$�� ᾱ8

�(�$�� Ā !�1 h̄ %#3$# ��C�� .�$$# ����<� �G ���� � $�� !#=�.�1 � :#:"�.�� ΔAG

:#�����%�A ��� "��$#� � %�3!� �$���$�1%� A :#��� � �"�(�� � #(�$�#� Ā $�  ���C�%

<�&� h8

��3!�1 � �"�(�1 .6:#�$1� �1 ���!�AC�% #="��#%8 �$����� #:"�!��1� �1 "�<�$��

x1G �� �# #"#&# :# :�".#� �#"%��� '58;/) $�B#!� �1 �$���$�� α18 ����� #:"�!��1� �1

x2G :# �# #"#%� ����<�� �1 α2G �  �� !# xs8 ��� :"�.��#G !�1 :#����$�1 !#� � #�$#

B#"#<�B α $�#=B#!�%# .��&# ��<� + � �"�(��G #��$� "�!�# * 58

���  #���# .�����$6 α :#����$6G "�<�$�� $� <�&� h 'τ = 1) =�!� 

xh = x0 + h

(
A1 +

1

2
A2 + . . .+

1

s
As

)
. '5825)
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� $����� �$ �&"�"#.�$�1G $� :�".#% <�&�G . ����� .� ᾱ .6=�"�A $���.6� �$���$�1

� ��:����� �1 .6<�#:���$$6� � �"�(�#$$6� :"#(���8 
��� $�����$6� <�& !#� � #�$#

=#��<#�G � #=6 #=��:��� � ��!�$$�A �#����$�A  #�$#� �G  # �&# ���!�� �%�$�<� �8

9"� #: �%���$# .6="�$$#% <�&� .6�#��1  #�$#� � α !#� �&�� �1 �3� $� /?� � �"�(��8

580085 	#"%��6 �$ �&"� #"� ��� #!$# �� :"�!� �.��$�� $�1.$#&# %� #!� ��$&�7��  6

9#����1�� '58;/)G '58;;) � '58;@)G $� "�!$# :#���� �G � # "�<�$�� '5825) :"�!� �.�%# .

.�!�

xh = x0 + h
s∑

i=1

biki, &!� ki = f(t0 + hτi,x0 + h
s∑

j=1

aijkj) (i = 1, . . . , s),

� �#D���(��$ 6 aij � bi * :#� #1$$6�G ��.��1C��  #���# # τi8 
���% #="��#%G �$ �?

&"� #" >.�"B�" � ��� ������ #�$#.�$ $� .�!#��%�$�$$6B �#"%���B $�1.$#&# %� #!�

��$&�7��  6G �# #"6�G �"#%�  #&#G 1.�1� �1 �#��#��(�#$$6%G � # #��.�!$# ���!�� 

�� '58;,)7'58;;)8 9#D #%� :#"1!#� �::"#���%�"�AC�� �B�%6 �$ �&"� #"� %#3$# :#.6?

�� � !# p = 2sG ���� �� � "#� � $� ����B τiG 1.�1AC�B�1 �#"$1%� :#��$#%� E�3�$!"�G

 8�8 ���� #$� �!#.�� .#"1A �"�.$�$�A '58/-)8

� #"�&�$���$#� .�"��� �$ �&"� #"� >.�"B�" � ��:#����� �1 ��.#� "��=��$�� ������7

��!#G � �::"#���%�"�AC�1 �B�%� �%�� %�$�<�� :#"1!#� p = 2s−18 ���%# "1 $� D #G

:"�%��� ���$#� �  ��#&# "��=��$�1 �#� #� .  #%G � # #$# $�  "�=�� :�"�.6�����?

$�� �#D���(��$ � A1 :"� "�<�$�� $���$��$6B �"�.$�$�� . �B�%� �$ �&"�"#.�$�1G

:#��#���� τ1 = 0 � A1 = f1 = f0 = f(t0,x0)8

58008/ �6=#" <�&�

� �$ �&"� #"� >.�"B�" � �#$ "#�� <�&� �$ �&"�"#.�$�1 #��C�� .�1� �1 :# .�����$�

:#���!$�&# ���$� . '5825)8 9�� � ‖e‖tol * ��!�$$�1  #�$#� �8 9# "�=��%G � #=6 $� ���?

!�AC�% <�&� .6:#�$1�#�� "�.�$� .#

h̄

s
‖Ās‖ = ‖e‖tol.

� �A!�G ��:#����1 :#���!$�� �## $#<�$�� . '5820)G :#�����% #(�$��

h̄ = hr = h

(
s

h

‖e‖tol

‖As‖
)1/s

. '582/)

���.�!$#G :"� "��=��$�1B ������ $�!#� � #�  ��#� #(�$�� �#� #� .  #%G � # <�& :# $��

.6=�"�� �1 ��� !�1 "�<�$�1 :#"1!�� s−1G :#D #%�G .##=C� &#.#"1G #$� $� #=��:���.�� 

�#B"�$�$��  "�=��%#� �#����$#�  #�$#� �8

�# ��=�3�$�� ���<�#% =#��<�B '� %��6B) �#����$6B #<�=#� $� r ���!�� $��#?

3� � #&"�$���$��J
1

σ
< rs < σ. '582;)
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��1  #&# � #=6 .�����$� :#���!$�&# ���$� . '5825) =6�� #&"�$���$� . :"�!���B #!$#&#

:#"1!��G �$���$�� σ !#�3$# =6 � "�.$#
√

108 > # ���!�� ��  #&# ��� �G � #

h̄‖Ās‖ ∼ rs.

�6:#�$�$�� #=#�B $�"�.�$� . :"#.�"1� �1 ��<� . $����� �$ �&"�"#.�$�1 :"� .6=#?

"� � �" #.#&# <�&�J ���� '582;) $� .6:#�$1� �1G  # �$ �&"�"#.�$�� :#. #"1� �1 � $#.6%

<�&#% h̄ = hr �  �� !����G :#�� $� .6:#�$� �1 ���#.�� '582;)8 �=6�$# !�1 :#����$�1

� �" #.#&# <�&�  "�=�� �1 $� =#��� / � �"�(��8 � !���$��<�% !�1 #&"�$���$�1 r :"#?

.�"1� �1  #���# :"�.#� $�"�.�$� .#J ���� $�"�.�$� .# $� .6:#�$1� �1G  # r :"�$�%�� 

�$���$�� :"�.#&# :"�!���8

������$#� :"�=��3�$�� � �" #.#&# <�&� :#����� �1 �� #(�$��G :#!#=$#� '582/)G !�1

s = 2J

h̄ =

√
2h‖e‖tol

‖f2 − f1‖ , f1 = f(t0,x0), f2 = f(t0 + h,x0 + hf1), '5822)

&!� h * %���1 .�����$�8 
��� h $�� #���# %���G � # . �#%:�A �"$#� �"��%� ���

f1 = f2G #$� �.�����.�� �1 . 0, "�� � #(�$�� :#. #"1� �1 �$#.�8

�#�� A8 *���9
	�*�2 �
����	 � ��
!" ���

�.#�� .� �� #���.#� � �����$$6B %� #!#. �$ �&"�"#.�$�1 #=6�$# �����!�A $� :"�?

%�"� ���%: # ������ �� #���.6B ��� �% ��$��$6B �"�.$�$��

x′ = Lx, '5824)

&!� L * �.�!"� $�1 %� "�(� "��%�"� m×m � :#� #1$$6%� �#D���(��$ �%�G �#=� .�$?

$6� ����� �# #"#� λi �%�A # "�(� ���$6� !��� .� ���$6� ��� �J WX(λi) < 08 �.�!�%

:"�#="��#.�$�� �##"!�$� 

x = Tz, '582@)

�# #"#� :"�.#!� %� "�(� L � �������
�� ������������ �����J

T−1LT = Λ = OYZ[(λ1, . . . , λm). '582-)


#&!� . $#.6B :�"�%�$$6B z ��� �%� '5824) :"�#="���� �1 � .�!�

z′ = Λz. '584,)

9#��#���� Λ * !��&#$���$�1 %� "�(�G  # ��� �%� '584,) "��C�:�1� �1 $� m $���.�?

��%6B �"�.$�$�� z′i = λiziG 'i = 1, . . . , m)G �# #"6� �## .� � .�$$# �%�A "�<�$�1

zi = z0ie
λi(t−t0)G &!� �#%:#$�$ 6 $�����$#&# .�� #"� z0 #:"�!��1A �1 :# x0 �#&���$#

��$��$#%� :"�#="��#.�$�A '582@)J z0 = T−1x08 �.�!�  #&#G � # WX(λi) < 0 !�1 .��B iG

z → 0 :"� t → ∞G ���!#.� ���$#G � x → 08 
� �� .�$$#G !�1 ����� .�$$#&# #:���$�1

"�<�$�1 ��� �%6 '5824) �����$$6% %� #!#% $�#=B#!�%# :# "�=#.� �G � #=6

xn → 0 :"� n→ ∞. '5840)



+@

�� #!G #=��:���.�AC�� .6:#�$�$�� '5840)G $��6.�� �1 �������
!�8 9#��#���� .��

%� #!6 ��$&�7��  6 �B#!1C���1G  �#"� ������ .��&!� %#3$# :#!#="� �  ��#� !#� �?

 #�$# %��6� <�& �$ �&"�"#.�$�1G :"� �# #"#% =�!� .6:#�$1 ��1 ���#.�� '5840)8 �

�.1�� � D �% :"�!� �.�1� �$ �"�� #:"�!���$�� %����%���$# !#:�� �%#&# <�&� hG �#?

&!� ���#.�� '5840) =�!� $�"�<� ��18 
��� ���#.�� '5840) .6:#�$1� �1 !�1 �A=#&# hG

&#.#"1 G � # �����$$6� %� #! � ��	���� �������
 ��=# A��������
8

9#��3�%  �:�"�G � # %�3!� �����$$6%� "�<�$�1%� ��� �% '5824) � '584,)G :#��?

��$$6%� %� #!#% '5855)G �%�� %�� # ��$��$#� �## .� � .��G  8�8 xn = Tzn8 ��1 ��� �%

��$��$6B �"�.$�$�� �B�%6 �$ �&"�"#.�$�1 $� <�&� h �#&���$# '5855) %#3$# ��:��� �

. .�!�

K = L(X0 + hKA), x1 = x0 + hKb; � K̄ = Λ(Z0 + hK̄A), z1 = z0 + hK̄b, '584+)

&!� K = (k1, . . . ,ks) !�1 ��� �%6 '5824)G � K̄ * �## .� � .�AC�1 %� "�(� �#D���(��$?

 #. !�1 ��� �%6 '584,)I X0 = (x0, . . . ,x0) � Z0 = (z0, . . . , z0) * %� "�(6 "��%�"� m× sG

 #&!� ���

A =

⎛
⎜⎝ a11 . . . as1

888
8 8 8

888

a1s . . . ass

⎞
⎟⎠ , b =

⎛
⎜⎝ b1

888

bs

⎞
⎟⎠ .

����""�$ $6� �#"%��6 !�1 K � K̄ . '584+) !�A 

K =
∞∑
i=0

hiLi+1X0A
i, K̄ =

∞∑
i=0

hiΛi+1Z0A
i. '5845)

� �A!�G ��:#����1 �.1�� %�3!� %� "�(�%� L � Λ '582-) � �## $#<�$�� X0 = TZ0G

%#3$# :#���� �G � # K = TK̄G :#D #%� �#&���$# :"�!� �.��$�A "�<�$�� x1 � z1 '584+)

x1 = Tz18 
#&!� #��.�!$#G � # ��$��$#� �## .� � .�� =�!� �%� � %�� # � !�1 !"�&�B

"�<�$�� xn = Tzn8 ���!#.� ���$#G ���#.�� '5840) =�!� .6:#�$1 ��1G ���� zn → 0

:"� n → ∞ �G  ���% #="��#%G �� #���.#� � �����$$#&# %� #!� %#3$# �����!#.� �

$� :"�%�"� =#��� :"#� #� ��� �%6 '584,) � $���.���%6%� !"�& # !"�&� �"�.$�$�1%�8

9#��#���� D � �"�.$�$�1 #!$# �:$6G �����!#.�$�� �� #���.#� � ��� ������ �.#!� �1

� "���%# "�$�A #!$#&# �"�.$�$�1 #=C�&# .�!�

z′ = λz, '584/)

&!� λ * �#%:����$#� ����#G :"���% WX(λ) < 08

�����!��% $� :"�!%� �� #���.#� � $��# #"6� :"#� ��<�� %� #!6 ��$&�7��  6G �

�%�$$#J 1.$6� '+84) � $�1.$6� '585/) %� #!6 >���"� 'p = 1)G �  ��3� %� #! M#�$� '5805)

�  "�:�(�� '585;) 'p = 2)8 �B�%6 �$ �&"�"#.�$�1 %� #!#. :"�%�$� ���$# � �"�.$�$�A

'584/) %#3$# :"�!� �.� � . .�!� zn+1 = S(η)znG &!� η = hλG � S *  �� $��6.��%6�

������� �������
����G �# #"6� . :#"1!�� :�"������$�1 %� #!#. :"�!� �.�%6 ���

S = 1 + η, S =
1

1 − η
, S = 1 + η +

η2

2
, S =

1 + η/2

1 − η/2
.



+-

���.�!$#G %� #! =�!� �� #���.6% :"� ��!�$$#� :�"� ����� h � λG ���� |S| < 18 ��

"��8 58+ :#����$6 #=��� � �� #���.#� � %� #!#. |S(η)| < 1 '��"�1 ����.��) $� �#%:����?

$#� :�#��#� � η8 9#��#���� WX(λ) < 0 � h > 0G  # $�� �$ �"���� ��.�1 :#��:�#��#� �

η8 �� "���$�� .�!$#G � # "���%� "�.��%6� 1.$6� %� #!6 �%�A #&"�$���$$6� #=��� �

�� #���.#� �G � # &#.#"� #= #&"�$���$�� . .6=#"� .�����$6 <�&� �$ �&"�"#.�$�1 h

�  #��� �"�$�1 ����� .�$$#&# #:���$�1 "�<�$�18 ��:"# �.G $�1.$6� %� #!6 $� �%�?

A $�����B #&"�$���$�� $� <�& hG :#��#���� ��.�1 :#��:�#��#� � η #���6.�� �1 .

#=��� � �� #���.#� � %� #!#.8 ���!#.� ���$#G "���%� "�.��%6� $�1.$6� %� #!6 �=?

�#�A $# �� #���.68

H�%� �%G � # �� �����$$#&# �$����� ��.�� $#G � # �"�!� 1.$6B %� #!#. $� �=�#?

�A $# �� #���.6B8 > # &��.$6% #="��#% #=���#.��$#  �%G � # ��$�(�1 �� #���.#� �

!�1 �A=#&# 1.$#&# %� #!� :"�!� �.�1� �#=#� :#��$#% .�!� S(η) = 1 + η + O(η2)G

.�����$� �# #"#&# $�#&"�$���$$# .#�"�� �� :"� WX(η) → −∞8

�  # 3� ."�%1 �"�!� $�1.$6B %� #!#. �%�� �1 $�%��# A?�� #���.6BG �# #"6� #=?

"���A ����� #�$#.$6B %� #!#.G ��:#�����%6B !�1 :#����$�1 :"�=��3�$$6B "�<�$��

 �� $��6.��%6B 3�� ��B ��� �%8 ��:#%$�%G � # ��� �%� ��$��$6B !����"�$(����?

$6B �"�.$�$��  �:� '5824) $��6.�� �1 �������G ���� #$� :�#B##=���#.��$�G  8�8 ����

# $#<�$�� maxi |WX(λi)|/mini |WX(λi)| !#� � #�$# =#��<#�8
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2
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����$#� 58+ * �=��� � �� #���.#� � %� #!#. ��$&�7��  6 $����B :#"1!�#.J �) 1.$6�

%� #! >���"�I =) $�1.$6� %� #! >���"�I .) %� #! M#�$�I &) %� #!  "�:�(��



50

( 6&*���%���,
����
 �
����

"�������	������!� �����! #�$#.�$6 $�  #% ��� � '�# #"6� %6 $� =�!�% !#���6?

.� �)G � # &�#=���$�1 :#&"�<$#� � �����$$#&# "�<�$�1 :#"1!�� p !#:����� "���#3�?

$�� . � �:�$$#� "1! :# hJ

xH − x(t0 +H) =
∞∑
i=p

eih
i, '/80)

&!� xH * :"�=��3�$$#� "�<�$�� $� # "���� H G :#����$$#� $� "�.$#%�"$#� �� �� �

<�&#% h8

	#"%��� '/80) :"�!� �.�1� :"�=��3�$$#� "�<�$�� $� �����"#.�$$#% # "���� H

��� ��$�(�A xH = xH(h)8 ��1 D #� ��$�(��

lim
h→0

xH(h) = x(t0 +H).


�#"� ������ D # #�$���� G � # :"� !#� � #�$# %��#% <�&� %#3$# �A=6% %� #!#% :#?

���� � :"�=��3�$$#� "�<�$�� �# ��#�� �&#!$# .6�#�#�  #�$#� �A8 � :"�� �����#�

 #��� �"�$�1 ��:#���#.�$�� #��$� %��6B <�&#. $� "���%$#G :#��#����G .#?:�".6BG

D # �.�����.�� #=\�% .6�����$��G � #G .#?. #"6BG �#:"13�$# � =#��<�%� #<�=��%�

#�"�&��$�18 
�% $� %�$��G ��:#����1 �!�A %�������	����G %#3$# :#���� � � .6�#�#�

 #�$#� �A :"�!���$#� �$���$�� xH(0)G ��=�&�1 :"� D #% %$#&#�����$$6B .6�����$��8

(#� �.:
� %��7��

� �## .� � .�� � '/80) :"�!� �.�% �$ �":#�1(�A :"�=��3�$$#&# "�<�$�1 . .�!� %$#?

&#���$� :#"1!�� p+ s− 1J

P(h) = a0 + aph
p + . . .+ ap+s−1h

p+s−1. '/8+)

�6=�"�% :#���!#.� ���$#� �

N0 < . . . < Ns '/85)

� #:"�!���% �## .� � .�AC�� !��$6 <�&#. hi = H/Ni (i = 0, . . . , s)8 ����� !�1 ��3?

!#&# <�&� hi .6�����% "�<�$�� xH(hi) ����%?��=# '�����!�) %� #!#% ��$&�7��  6

:#"1!�� p8 
#&!�G  "�=�1G � #=6 P(hi) = xH(hi)G :#����% ���!�AC�A ��� �%� ��&�="�?

������B �"�.$�$��J

P(h0) = a0 + aph
p
0 + . . .+ ap+s−1h

p+s−1
0 = xH(h0),

. . . '/8/)

P(hs) = a0 + aph
p
s + . . .+ ap+s−1h

p+s−1
s = xH(hs).

9#��� #:"�!���$�1 �� ��� �%6 '/8/) �#D���(��$ #. �$ �":#��"�AC�&# %$#&#���$�

$�% #� �� �1 .6:#�$� � D�� "�:#�1(�A :"� h→ 0G � # !�� :"�=��3�$$#� "�<�$�� a0J



5+

P(0) = a08 �#&���$# '/80) � '/8+) D�� "�:#�1(�1 a0 =�!� :"�!� �.�1 �  #�$#� "�<�$��

x(t0 +H) � #<�=�#� :#"1!�� p+ s8

9"� s = 1 �$ �":#�1(�#$$6� %$#&#���$ :"�.#!� �1 � .�!�

P(h) = a0 + aph
p,

�#D���(��$ 6 �# #"#&# =�!� #:"�!��1 ��1 �� ��� �%6

a0 + aph
p
0 = xH(h0),

a0 + aph
p
1 = xH(h1).

� �A!� :#�����% D�� "�:#�1(�#$$�A �#"%��� '58+@)J

a0(= x̂H) = xH(h0) +
xH(h0) − xH(h1)

(N0/N1)p − 1
.

(#� �����
�� 6��&
��!�
	
���

9"� p = 1 '%� #! >���"�) �#"%��6 '/8+) � '/8/) :"�.#!1 � ����������#� ��!��� �$?

 �":#�1(��8 � D #% ������ !�1 �:"#C�$�1 .6�����$�� �$ �":#�1(�#$$#&# %$#&#���$�

�!#=$# ��:#���#.� �  �� $��6.��%�A �+��� "������).�
�		�8

9�� � En,n+1,...,m(h) * �$ �":#�1(�#$$6� %$#&#���$ :#"1!�� m−n � ����%� �$ �"?

:#�1(�� hn, . . . , hm !�1 $��# #"#� ��$�(�� g = g(h)G . ��� $#� �G En(h) = g(hn)8 
#&!�

�:"�.�!��.6 "�.�$� .�

En,n+1,...,m+1(h) =
En+1,...,m+1(h)(h− hn) − En,...,m(h)(h− hm+1)

hm+1 − hn
, '/8;)

&!� En,n+1,...,m+1(h) * �$ �":#�1(�#$$6� %$#&#���$ �3� :#"1!�� m − n + 1 $� �� ��

hn, . . . , hm+18 	�� ������ .6�����$�� %$#&#���$� E0,1,...,s(h) $� �� �� h0, . . . , hs �.#!� �1

� :#���!#.� ���$#%� .6�����$�A � :#%#C�A '/8;) D��%�$ #.  �=��(6

E0(h)

E0,1(h)

E1(h) E0,1,2(h)

E1,2(h) . . . E0,1,...,s(h)

E2(h) . . .

. . . . . .

Es(h)

'/82)

��1 D�� "�:#�1(�� $�% $�3$� =�!� �#"%��� '/8;) :"� h = 0J

En,n+1,...,m+1(0) =
En,...,m(0)hm+1 − En+1,...,m+1(0)hn

hm+1 − hn

. '/84)

9�"�#=#�$���% D��%�$ 6  �=��(6 '/82) � :"�!� �.�% �� ���

E00

E10 E11

E20 E21 . . .

. . . . . . . . .

Es0 Es1 . . . Ess

'/8@)
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#&!� . $#.6B #=#�$���$�1B �#"%��� >� ��$�7��.���� '/84) :�"�:�<� �1 . .�!�

Ei,j+1 =
Ei−1,jhi − Ei,jhi−j−1

hi − hi−j−1
. '/8-)

�� '/8-) :#�����% "���� $�A �#"%��� !�1 $�<�� �$ �":#�1(��

Pi,j+1 = Pi,j +
Pi,j − Pi−1,j

(Ni/Ni−j−1) − 1
(j = 0, . . . , s− 1; i = j, . . . , s), '/80,)

&!� Pi,0 = P(hi) = xH(hi) (i = 0, . . . , s) .6����1A �1 :# �B�%� %� #!� >���"�J

xn+1 = xn + hif(tn,xn) (n = 0, . . . , Ni − 1).

� � #&� =�!�% �%� � D�� "�:#��"#.�$$#� "�<�$�� a0 = x̂H = Pss :#"1!�� s8

� '/80,) !�1 :#����$�1 ���#.6B �$���$�� . ����� .� :#���!#.� ���$#� � '/85) #=6�?

$# ��:#����A 

1, 2, 4, 8, 16, 32, . . . (���	���
���	
����
 (�� ����)

��=#

1, 2, 3, 4, 5, 6, . . . (������������� ���	���
���	
����
).

(#� �
��� ��;���

�� #! $��6.�� �1 ����������!�G ���� #$ �$.�"��$ �$ # $#�� ���$# :�"�� �$#.��J

x0 ↔ x1, h↔ −h, t0 ↔ t0 + h.

��:"�%�"G $�1.$6� %� #!  "�:�(�� * ��%%� "���$J

x1 = x0 +
h

2
[f(t0,x0) + f(t1,x1)].


��� #:#"$6� %� #! :#"1!�� p = 2q 1.�1� �1 ��%%� "��$6%G  #G ��� ��.�� $#G #$

=�!� �%� � "���#3�$�� &�#=���$#� #<�=�� :# � �:�$1% h2G  8�8

xH − x(t0 +H) =

∞∑
i=q

eih
2i.

���!#.� ���$#G !�1 D�� "�:#�1(�� $�3$# ��:#���#.� � �$ �":#��"�AC�� :#��$#%

.�!�

P(h) = a0 + aq(h
2)q + . . .+ aq+s−1(h

2)q+s−1. '/800)

�.�!� �B#3�� � :#��$#%#. '/800) � '/8+) ':"� #:"�!���$$#% s) .6�����$�� �B �#D���?

(��$ #. =�!� #!�$��#.#  "�!#�%�# . #=#�B �����1B8 �!$��# :"�%��� ���$#  #G � # .

� #&� �$ �":#�1(�1 '/800) !�� D�� "�:#��"#.�$$#� "�<�$�� a0 :#"1!�� 2(q + s− 1) =

p+ 2s− 2G $� s− 1 .6<�G $�3��� !�1 '/8+)8



5/

�8V8 �"D&& '0-25) :"�!�#3�� . ����� .� #:#"$#&# ��:#���#.� � ��%%� "��$6� %� #!

. #"#&# :#"1!�� 'p = 2)G #�$#.�$$6� $� ���
�	� ������� �����J

x1 = x0 + hif(t0,x0), xn+1 = xn−1 + 2hif(tn,xn) (n = 1, . . . , Ni − 1). '/80+)

9#��#���� �$ �":#��"�AC�� %$#&#���$ '/800) �%�� �#"%� '/8+)G !�1 .6�����$�1 D��?

 "�:#�1(�� ��:#����� �1  � 3� �#"%��� >� ��$�7��.����G &!�  #���# h ��%�$1� �1 $�

h2G � �%�$$#J

Pi,j+1 = Pi,j +
Pi,j −Pi−1,j

(Ni/Ni−j−1)2 − 1
(j = 0, . . . , s− 1; i = j, . . . , s). '/805)

H!��� Pi,0 = xH(hi) (i = 0, . . . , s) :#����A �1 �� '/80+)8 9"� D #% :#���!#.� ���$#� �

'/85) .6=�"�A �1 � ���#.��%G � # Ni !#�3$6 =6 � �� $6%�8 ��:"�%�"G

2, 4, 8, 16, 32, . . .

�� #!G #�$#.�$$6� $� '/80+) � '/805)G $��6.�� �1 ������� *�%��� '��� *�%���)

/�	����)0����)8 �%�$$# =��&#!�"1 �.#�% ��%��� ���$6% #�#=�$$#� 1% #$ �!�$� .�$?

$6� �� .��B D�� "�:#�1(�#$$6B %� #!#. <�"#�# ��:#����� �1 $� :"�� ���8

(#( ��.�� -���

F�& . D�� "�:#�1(�#$$6B %� #!�B .6=�"�� �1  �� 3�G ��� � .# .�#3�$$6B %� #!�B

��$&�7��  �8 �6 �$��%G � # . #"#� �$!��� j . "�<�$�� Pi,j #:"�!��1� �&# :#"1!#�

�::"#���%�(��8 � %� #!� �"D&&� "�<�$�� Ps,s �%�� '$��.6�<��) :#"1!#� 2sG � Ps,s−1

* :#"1!#� 2s− 28 9#D #%� !�1 �:"�.��$�1 <�&� �� �� .�$$# ��:#���#.� � .6"�3�$��

‖e‖cal = ‖Ps,s − Ps,s−1‖.



5;

+ �����-���	�
 �
����

�# ��B :#" %6 "���%� "�.��� ��������
!� �����!G . �# #"6B �����$$#� "�<�$��

:#����A  #���# �� !����"�$(����$6B �"�.$�$�� � "�<�$�1 $� :"�!6!�C�% <�&�8

1��������
!� �����!G . # ����� # #!$#<�&#.6BG ��:#����A $���#���# "�<�$��G

.6�����$$6B $� :"�!6!�C�B <�&�B8 � $����� �$ �&"�"#.�$�1G �#&!� ��.�� $#  #���#

#!$# "�<�$�� '$�����$#� ���#.��)G :�".6� '� �" #.6�) "�<�$�1 !�1 %$#&#<�&#.6B %�?

 #!#.G ��� :"�.��#G .6����1A � :#%#C�A #!$#<�&#.6B %� #!#. ��$&�7��  68 H� �%

$� ��3!#% ���!�AC�% <�&� .6:#�$1A %$#&#<�&#.�A :"#(�!�"� �$ �&"�"#.�$�18

�6 �3� �$��#%6 � #!$�% ��  ���B %� #!#. '/80+)G �# #"6� . ����� .� #:#"$#&#

��:#���#.���1 . D�� "�:#�1(�#$$#% %� #!� �"D&&�8 > # !.�<�&#.6� ��%%� "��$6�

%� #! . #"#&# :#"1!��G &!� !�1 .6�����$�1 $�����$#&# . #"#&# "�<�$�1 ��:#����� �1

%� #! >���"�8

+#� �
���� ����*�

�$#&#<�&#.6� %� #!6 :#1.����� &#"��!# "�$�<�G ��% %� #!6 ��$&�7��  68 �:�".6�

�B :#����� �38�8 �!�%� �C� . 0@;; &8 
�% 3� �:#�#=#%G � # � �!�%�G .6.�!�% :�".#�

��%��� .# %$#&#<�&#.6B %� #!#.8

9"�!:#�#3�%G !�1 ��!��� �#<� '08@)J

x′ = f(t,x), x(t0) = x0;

$�% ��.�� $6 :�".6� r + 1 "�<�$�1 x0, . . . ,xr $� "�.$#%�"$#� �� �� t0, . . . , tr � <�&#%

h8 
#&!� !�1 <�&� r + 1 �#"%���$# "�<�$�� %#3$# :"�!� �.� � ���

x(tr+1) = x(tr) +

∫ tr+1

tr

f(t,x(t))Ot. ';80)

H�%�$�% :#!6$ �&"���$�A ��$�(�A $� �� �$ �":#��"�AC�� :#��$#% ��A #$�G :#��?

��$$6� :# ���#.6% �$���$�1% fi = f(ti,xi) (i = 0, . . . , r)J

p(t) = f0 + f0,1(t− t0) + f0,1,2(t− t0)(t− t1) + . . .+ f0,1,...,r(t− t0) . . . (t− tr−1), ';8+)

&!� "��!���$$6� "��$#� � .6����1A �1 ��  "��&#��$���

t0 f0

f0,1

t1 f1 f0,1,2

f1,2 . . . f0,1,...,r

t2 f2 . . .

. . . . . . . . .

tr fr


#&!� �����$$6� �$��#& ';80) =�!� ��!�.� ��1 �#"%��#�

xr+1 = xr +

∫ tr+1

tr

p(t)Ot. ';85)
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�#&���$# ';85) !�1 r = 0, 1, 2 :#�����% ���!�AC�� 1.$6� �#"%��6 �!�%��J

x1 = x0 + hf0 (%� #! >���"�),

x2 = x1 + h

[
3

2
f1 − 1

2
f0

]
,

x3 = x2 + h

[
23

12
f2 − 16

12
f1 +

5

12
f0

]
.

	#"%��6 �!�%�� :#����A �1 :"� �$ �&"�"#.�$�� �$ �":#�1(�#$$#&# %$#&#���$�

';8+) # tr !# tr+1G  8�8 .$� �$ �".��� �$ �":#�1(��8 �!$��#G ��� %6 �$��%G .$� D #&#

�$ �".��� �$ �":#�1(�#$$6� %$#&#���$ #=6�$# !�� !#.#��$# :�#B#� :"�=��3�$��8


���% #="��#%G 1.$6� %� #!6 �!�%�� $� #��$�  #�$68 K #=6 "��"�<� � D � :"#=��%�G

�!�%� :"�!�#3�� !�1 �$ �":#�1(�� ��:#���#.� � �$���$�� fr+1 .%�� # f08 � � #&� #$

:#����� $�1.$6� %� #!68 9"�.�!�% :�".6� �� $�B !�1 r = 0, 1J

x1 = x0 + hf1 (���
�!� ����� "�	���),

x2 = x1 + h

[
1

2
f2 +

1

2
f1

]
(���
�	� ��������).

� ��G �A=#� s?<�&#.6� ����� 2����� %#3$# :"�!� �.� � . #=C�% .�!�

xn+s = xn+s−1 + h
s∑

i=0

βifn+i, ';8/)

&!� βi * :#� #1$$6� %� #!�8 
��� βs = 0G %� #! 1.$6�G �$��� * $�1.$6�8 9#"1!#� %�?

 #!� #:"�!��1� �1  #�$#� �A �$ �":#��"�AC�� �#"%��6 ';8+)8 � #=C�% ������ 1.$6�

%� #! ';8/) �%�� :#"1!#� p = sG $�1.$6� * p = s+ 18

+#� <��� �� �
==
�
�,
��	��
�

	#"%��6 �!�%�� #�$#.�$6 $� :"�=��3�$$#% .6�����$�� �$ �&"��� . ';80)8 M# 1 %$#?

&#<�&#.6� %� #!6 %#3$# :#���� � �$6% �:#�#=#%G � �%�$$# �����$$# !����"�$(�"�1

���#%#� "�<�$��8

�$ �":#�1(�A ��A #$� !�1 x :# "�<�$�1% x0, . . . ,xs �#"%���$# %#3$# :"�!� �?

.� � . .�!�

q(t) = x0 + x0,1(t− t0) + x0,1,2(t− t0)(t− t1) + . . .+ x0,1,...,s(t− t0) . . . (t− ts−1). ';8;)

9#���!$�� "�<�$�� xs :#�� $���.�� $# � #:"�!���% �&#  ��G � #=6 %$#&#���$ q �!#?

.�� .#"1� !����"�$(����$#%� �"�.$�$�AG :# �"��$�� %�"�G . #!$#� ���#.#�  #���J

q′(tr) = f(tr,xr). ';82)

H!��� �$!��� r :"�$�%�� #!$# �� �$���$�� 0, 1, . . . , s8 9#��� .�1 �1 :"#��.#!$#� . ';82)

� :#!� �$#.�� tr :#�����% �B�%� %$#&#<�&#.#&# �$ �&"�"#.�$�1 !�1 xs8 
��� r = sG

%� #! $�1.$6�G �$��� * 1.$6�8 � ����� .� :"�%�"� :"�.�!�% $�1.$6� %� #! !�1 s = 2J

3

2
x2 − 2x1 +

1

2
x0 = hf2.
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���% #="��#%G s?<�&#.6� %� #!G :#����$$6� $� #�$#.� !����"�$(�"#.�$�1G :"�!?

� �.�% . .�!�
s∑

i=0

αixn+i = hfn+r, ';84)

&!� αi * :#� #1$$6� %� #!�8 9#"1!#� %� #!� #:"�!��1� �1  #�$#� �A �$ �":#��"�A?

C�� �#"%��6 ';8;)8 � #=C�% ������ %� #! ';84) �%�� :#"1!#� p = s8

+#� $�
�
&���!&���
&���

��1.$�1 �B�%� �$ �&"�"#.�$�1 :"�!:#��&�� � �"�(�#$$#� "�<�$�� ��� �%6 $���$��?

$6B �"�.$�$�� # $#�� ���$# ���#%#&# "�<�$�1 xn+s8 ��1 D #&# #=6�$# :"�%�$1A 

%� #! :"#� 6B � �"�(��8 E�&�# :#���� �G � # . ������ %� #!#. �!�%�� ';8/) � !����?

"�$(�"#.�$�1 ';84) � �"�(�� =�!� �B#!� ��1G ���� �## .� � .�$$#

h <
1

‖βsf ′x(xn+s)‖ � h <
|αs|

‖f ′x(xn+s)‖ .

� �"�(�#$$6� :"#(���  "�=�� $�����$#&# :"�=��3�$�1 "�<�$�1 $���$��$#� ��?

� �%68 �=6�$# �&# :#����A �� 1.$#� �B�%6 �  #�$#� �A $� :#"1!#� $�3�8 �.$�A

�B�%� $��6.�A �����������G  #&!� ��� $�1.$�A * �����������G � � �"�(�#$$�A :"#?

(�!�"� . (��#% * �����������)�����������8 ��:"�%�"G !�1 %� #!�  "�:�(�� '$�1.?

$#&# %� #!� �!�%�� . #"#&# :#"1!��) . ����� .� :"�!�� #"� ��:#����A %� #! >���"�

'1.$6� %� #! �!�%�� :�".#&# :#"1!��) �  #&!� :"#(�!�"� :"�!�� #"7�#""�� #" 'P7C)

=�!� 

P : x0
1 = x0 + hf0, C : xl+1

1 = x0 + h

[
1

2
f(x0) +

1

2
f(xl

1)

]
(l = 0, 1, . . .).

�$ �"��$#G � # :�".6� <�& � �"�(�#$$#� :#���!#.� ���$#� � !�� "�<�$�� %� #!�

M#�$�8

+#( �
�
���
 �����-���	�
 �
����


���% #="��#%G %$#&#<�&#.6� %� #!6 %#3$# :"�!� �.� � . #=C�% .�!�

αsxn+s + . . .+ α0xn = h(βsfn+s + . . .+ β0fn). ';8@)

9"� D #% =�!�% ��� � �G � # .6:#�$1A �1 ���#.�1

αs �= 0, |α0| + |β0| > 0.

�=6�$# :#��&�A G � # αs = 18 
��� βs = 0G %� #! ';8@) $��6.�� �1 1.$6%G �$��� *

$�1.$6%8

�� #!6 .�!� ';8@) �C� $��6.�A 	�����!�� ���������
!��G :#��#���� "�<�$�1

x � ��$�(�� f .B#!1 . $�B ��$��$6% #="��#%8



5@

+#+ $�����& �����-���	�7 �
����	

�$#&#<�&#.6� %� #! ';8@) �%�� :#"1!#� pG ���� $�.1��� ρG �# #"�1 :#����� �1 :#���

:#!� �$#.��  #�$#&# "�<�$�1 . ';8@)G 1.�1� �1 .�����$#� :#"1!�� hp+1G  8�8

ρ ≡
s∑

i=0

αix(tn+i) − h
s∑

i=0

βix
′(tn+i) = O(hp+1). ';8-)

����#3�% "�<�$�1 x(tn+i) . "1! 
���#"�J

x(tn+i) = x(tn + ih) =

p+1∑
j=0

(ih)j

j!
x(j)(tn) +O(hp+2). ';80,)


#&!� !�1 :"#��.#!$6B x′(tn+i) =�!�% �%� �

x′(tn+i) = x′(tn + ih) =

p∑
j=0

(ih)j

j!
x(j+1)(tn) +O(hp+1). ';800)

9#��� :#!� �$#.�� ';80,) � ';800) . ';8-) %#3� =6 � :#����$# "���#3�$�� $�.1��� :#

� �:�$1% hJ

ρ =

(∑
i

αi

)
x(tn) + h

(∑
i

iαi −
∑

i

βi

)
x′(tn) +

h2

2

(∑
i

i2αi − 2
∑

i

iβi

)
x′′(tn) + . . .

';80+)

. . .+
hp

p!

(∑
i

ipαi − p
∑

i

ip−1βi

)
x(p)(tn)+

+
hp+1

(p+ 1)!

(∑
i

ip+1αi − (p+ 1)
∑

i

ipβi

)
x(p+1)(tn) +O(hp+2).

� �A!� !�1  #&#G � #=6 $�.1��� ρ �%��� :#"1!#� hp+1G !#�3$6 .6:#�$1 ��1 ���#.�1∑
i

αi = 0,

∑
i

iαi −
∑

i

βi = 0,

. . . ';805)∑
i

ipαi − p
∑

i

ip−1βi = 0.

9#��#���� p ≥ 1G  # :�".6� !.� ���#.�1 !#�3$6 .6:#�$1 ��1 .��&!�8 �$� #="���A 

 �� $��6.��%#� ��	�
�� ���	���
�������8

���!�% 1.$6� !.�<�&#.6� %� #! %����%���$# .#�%#3$#&# :#"1!��8 �.$6� !.�?

<�&#.6� %� #! %#3$# :"�!� �.� � . #=C�% .�!�

xn+2 + α1xn+1 + α0xn = h(β1fn+1 + β0fn) (α2 = 1).



5-

�� ';805) .6:�<�% :�".6� �� 6"� �## $#<�$�1J

1 + α1 + α2 = 0,

2 + α1 − β0 − β1 = 0,

4 + α1 − 2β1 = 0,

8 + α1 − 3β1 = 0.

��<�1 D � ��� �%�G :#�����% α0 = −5G α1 = 4G β0 = 2G β1 = 48 91 #� �## $#<�$�� .

';805)J

16 + α1 − 4β1 = 0,

:"� $��!�$$6B �#D���(��$ �B �3� $� .6:#�$1� �18 9#D #%� !.�<�&#.6� %� #! � :#?

����$$6%� $�%� �#D���(��$ �%�J

xn+2 + 4xn+1 − 5xn = h(4fn+1 + 2fn), ';80/)

=�!� �%� �  "� �� :#"1!#�8

+#/ )*���9
	�*�2 �����-���	�7 �
����	

��$�� %6 .61�$���G � # &�#=���$�1 #<�=�� . %� #!�B ��$&�7��  6 :"�!� �.�1� �#=#�

.�����$� :#"1!�� hpJ

‖E‖ = O(hp).

> # #�$���� G � # :"� �%�$�<�$�� <�&� �$ �&"�"#.�$�1  #�$#� � �����$$#&# "�<�$�1

:#.6<�� �18 �!$��# !�1 $��# #"6B %$#&#<�&#.6B %� #!#. D # $�  ��G $��%# "1 $�  #G

� # �#&���$# ���#.�1% ';805) #$� �%�A %���A �#����$�A #<�=�� '$�.1���) $��# #"#?

&# :#"1!�� h8 ��1  ���B %� #!#. �%�$�<�$�� <�&� �$ �&"�"#.�$�1 :"�.#!�  #���#

� �.�����$�A &�#=���$#� #<�=��8 > � #�#=�$$#� � %$#&#<�&#.6B %� #!#. �.1��$� �

:#$1 ��% ���������
����8

��3$�A "#�� �&"�� :#.�!�$�� "�<�$�1 :"� h → 0 :"� �����"#.�$$#% H = Nh8

���.�!$#G :"� h→ 0 �B�%� ';8@) :"�.#!� �1 � �#"%���

αsxn+s + . . .+ α0xn = 0. ';80;)


� %#3$# "���%� "�.� � ��� �����$$�A �B�%�G :"�%�$�$$�A � "�<�$�A �"�.$�$�1

x′ = 0.

9"�!� �.�% "�<�$�� ��� xi = zζ i � :#!� �.�% �&# . ';80;)J

zζn(αsζ
s + . . .+ α0) = 0.

� �A!� ζ !#�3$# �!#.�� .#"1 �  �� $��6.��%#%� +������������������ ���
�����

αsζ
s + . . .+ α0 = 0. ';802)



/,

�����!#.�$�� B�"�� �"�� �����#&# �"�.$�$�1 ���#3$1� �1G �#&!� � $�&# �%�A �1 �"� ?

$6� �#"$� �"� $#� � m8 � D #% ������ m "�<�$�� !�1 D #&# �#"$1 :"�!� �.�1A �1 .

.�!�

xi = ij−1zζ i (j = 1, . . . , m). ';804)


���% #="��#%G ���� B�"�� �"�� ������� %$#&#���$ ';802) �%�� �#"$� ζ1, . . . , ζl �"� ?

$#� �� m1, . . . , ml �## .� � .�$$#G  # ��:�":#��(�1 "�<�$�� ';804) =�!� !�.� � #=C��

"�<�$�� �"�.$�$�1 ';80;)J

xi = p1(i)ζ
i
1 + . . .+ pl(i)ζ

i
l , ';80@)

&!� pj(i) * %$#&#���$6 � �:�$�� mj − 1G �#D���(��$ 6 �# #"6B #:"�!��1A �1 �� $�?

����$6B ���#.��8 9#D #%� !�1 #&"�$���$$#� � "�<�$�� xi $�#=B#!�%# :# "�=#.� �G

� #=6G .#?:�".6BG �#"$� ζ ��3��� .$� "� �!�$��$#� #�"�3$#� � '|ζ | < 1) �G .#?. #"6BG

� #=6 .�� �#"$� $� �!�$��$#� #�"�3$#� � '|ζ | = 1) =6�� :"#� 6%�8 �$#&#<�&#.6� %�?

 #!6G �!#.�� .#"1AC�� D �%  "�=#.�$�1%G $��6.�A �1 �������
!�� �� ��	�
����

��� D��������
!��8

�����!��% $� �� #���.#� � %� #! ';80/)8 M�"�� �"�� ������� %$#&#���$ !�1 $�&#

��:�<� �1 ���

ζ2 + 4ζ − 5 = 0.


&# �#"$� ζ1 = −5G ζ2 = 18 �#"�$� |ζ1| > 1G :#D #%� %� #! ';80/) $��� #���.8

���#$�(G . !#:#�$�$�� � !�$$#%� "��!��� # %� �% ��.�� $6� ��� :# :#.#!� �=?

�#�A $#� �� #���.#� � %$#&#<�&#.6B %� #!#.8 �#����$#G � # �"�!� ��$��$6B %$#&#?

<�&#.6B %� #!#. $� 1.$6B A?�� #���.6BG � :#"1!#� $�1.$6B A?�� #���.6B %� #!#.

$� :"�.6<�� !.�B8

+#0 ��
	�*-
� ��*�
�
��� %�����& ���  *���9
	�7 �
����	

� ���#.�1B :#"1!�� ';805) �#!�"3� �1 2s+1 $���.�� $6B 'αs = 1)8 ��1 �B #:"�!���$�1

$�#=B#!�%# 2s + 1 = p + 1 ���#.��8 ���!#.� ���$#G :#��� #:"�!���$�1 $���.�� $6B

�#D���(��$ #. %6 :#����% %� #! :#"1!�� p = 2s8 �!$��#  ���� %� #!6 $� �%�A 

:"�� �����#� (�$$#� �G :#��#���� #$� $��� #���.68 �8 ����.�� '0-;2) :#�����G � #

:#"1!#� p �� #���.#&# ��$��$#&# s?<�&#.#&# %� #!� :#!��$1� �1 #&"�$���$�1%J

p ≤ s+ 2 :"� �� $6B s,

p ≤ s+ 1 :"� $��� $6B s,

p ≤ s :"� βs/αs ≤ 0.

+#1 $��&�
9
*&�� �,
�&� ��&��2��� %���
-��*�


E#����$�1 :#&"�<$#� � %$#&#<�&#.#&# %� #!� %#3� =6 � #(�$�$� . �#:#� �.��$��

�&# "�<�$�1 $� <�&� � "�<�$��% !"�&#&# %� #!�  #&# 3� :#"1!��8 �#&���$# ';8-) �



/0

';80+) !�1 %� #!� :#"1!�� p =�!�% �%� �

x(tn+s) =
1

αs

(
h

s∑
i=0

βif(tn+i) −
s−1∑
i=0

αix(tn+i)

)
+

ρ

αs

=

= xn+s + Cp+1
hp+1

(p+ 1)!
x(p+1)(tn) +O(hp+2), ';80-)

&!�

Cp+1 =
1

αs

(∑
i

ip+1αi − (p+ 1)
∑

i

ipβi

)
.

��<�$�� .�:#%#&� ���$#&# %� #!� x̂n+s  #&# 3� :#"1!��  ��3� =�!� �!#.�� .#"1 �

�## $#<�$�A ';80-)G $# �# �.#�� �#$� �$ #� Ĉp+18 � �A!�G �&$#"�"�1 ���$6 :#"1!��

hp+2G :#�����% #(�$�� �#����$#� :#&"�<$#� �

‖e‖cal = ‖xn+s − x(tn+s)‖ =
|Cp+1|

|Cp+1 − Ĉp+1|
‖xn+s − x̂n+s‖, ';8+,)

�  ��3� � #�$�$$#� "�<�$��

xn+s − Cp+1

Cp+1 − Ĉp+1

(xn+s − x̂n+s) = x(tn+s) +O(hp+2).

+#4 ��.�� -���

��%�$�$�� .�����$6 <�&� !�1 D���� �.$#&# �����$$#&# �$ �&"�"#.�$�1 . %$#&#<�?

&#.6B %� #!�B &#"��!# ��#3$��G ��% . #!$#<�&#.6B8 > # �.1��$# �  �%G � # :"� ��:#��?

�#.�$�� %$#&#<�&#.#� �B�%6 �$ �&"�"#.�$�1 :#����$�� ��3!#&# ���!�AC�&# "�<�$�1

$� $#.#% <�&� :"�!:#��&�� :�"�.6�����$�� :"�!6!�C�B "�<�$�� $� $#.#� "�.$#%�"?

$#� �� �� � �## .� � .�AC�% <�&#%8 ��1 D #&#G ��� :"�.��#G :"�=�&�A � �$ �":#�1?

(�#$$6% %$#&#���$�%8 ���.$6� $�!#� � #�  ��#&# :#!B#!� �#� #� .  #%G � # .%�� �

� "�<�$�1%� $�#=B#!�%# :�"�.6����1 � � �$���$�1 :"�.6B ��� �� �"�.$�$��8 �"�&#�

:#!B#! * D # :#� "#�$�� %$#&#<�&#.6B �B�% �$ �&"�"#.�$�1 $� $�"�.$#%�"$#� �� ��8

��:"�%�"G !�1 (s+1)?&# "�<�$�1 :"� ��.�� $6B s :"�!6!�C�B "�<�$�1B #=#=C�$��

1.$#&# %� #!� �!�%�� $� ������ :�"�%�$$#&# <�&� !�� �#"%���

xs+1 = xs + hs+1

s−1∑
i=0

gi(s)Φi(s),

&!�

gi(s) =
1

hs+1

∫ ts+1

ts

i−1∏
j=0

t− ts−j

ts+1 − ts−j
Ot, Φi(s) = fs,...,s−i

i−1∏
j=0

(ts+1 − ts−j).

��1 ��$�(�� gi(s) � Φi(s) .#�%#3$# :#���� � "���""�$ $6� �#"%��68 
�% $� %�$��

�B :�"�.6�����$�� $� ��3!#% <�&� �"��.6���$# ���#3$1� .6����� ���$6� :"#(���

� D # 1.�1� �1 ��C�� .�$$6% $�!#� � �#% . ��:#���#.�$�� %$#&#<�&#.6B %� #!#. �

:�"�%�$$6% <�&#%8

��3!6� ���!�AC�� <�& �$ �&"�"#.�$�1 #:"�!��1� �1G ��� � . #!$#<�&#.6B %� #?

!�BG :# �#"%��� '585,)G &!� . ����� .� ‖e‖cal %#3$# ��:#���#.� � #(�$�� ';8+,)8



/+

/ �
��
��
9
*&

 �
����

� :#���!$�� ."�%1 . !�$�%�����#� �� "#$#%�� .#�"#� �$ �"�� �  �� $��6.��%6% &�#?

%� "������% �����$$6% %� #!�% �$ �&"�"#.�$�18 ��� 6.�1 &�#%� "������� �.#�� .�

!����"�$(����$6B �"�.$�$��G �  #�$��G �B "�<�$��G D � %� #!6 :#�.#�1A ����� .�$?

$# ����<� � "����� � 6 �����$$#&# �$ �&"�"#.�$�1G . #�#=�$$#� �G ���� #$# .6:#�?

$1� �1 $� !�� ���$6B '�#�%#&#$������B) �$ �".���B ."�%�$�8

��:#%$�% �$�����G � # ������������ �������� �"�.$�$�� $��6.�� �1 ��� �%� .�!�

x′ =
∂g

∂y
, y′ = −∂g

∂x
, '280)

&!� x � y * ��$#$������� m?%�"$6� .�� #"6G � g = g(x,y) * ����	
������G �# #"6�

:"� D #% 1.�1� �1 �������	�� ��$#$�����#� ��� �%6J g(x,y) = PQRST8 � %� �% .�3$#�

!�1 $�� �.#�� .# ��$#$�����#� ��� �%6J :"�#="��#.�$�� ."�%�$$#&# �!.�&�

x(t)
h−→ x̄(t) = x(t+ h), y(t)

h−→ ȳ(t) = y(t+ h) '28+)

1.�1� �1 ����	���������� '��$#$������%)8 ���� .� ���$#G .�!� $#.6� :�"�%�$$6�

 ��3� �!#.�� .#"1A ��� �%� '280)8

�"#%�  #&#G ��%� �%G � # .�� "���%� "�.��%6� $�%� !����"�$(����$6� �"�.$�$�1

� �����! �� 
������8 > # #�$���� G � # .6:#�$�$$6� :#���!#.� ���$# :"1%#� � #=?

"� $#� �$ �&"�"#.�$�1 ��!��� �#<� � #!$�% �  �% 3� <�&#% h !�A �� $�����$6�

���#.�1J

x(t0)
h−→ x(t0 + h)

−h−−→ x(t0). '285)

/#� )��	�
�
� ������
9
*&��� �*,
�������

����%# "�% �"�.$�$�� &�"%#$�����#&# #�(���1 #"�

x′′ = −x, '28/)

�# #"#� :"�!� �.�%# . .�!� ��� �%6 �"�.$�$�� :�".#&# :#"1!��

x′ = y, y′ = −x. '28;)

� %� �% .�3$6� �.#�� .� ��� �%6 '28;)J 0) #$� �%�� �$ �&"��

g(x, y) =
1

2
(x2 + y2) = PQRST; '282)

+) ��� �%� ��$#$��$� � &�%��� #$��$#% gI �G $��#$�(G 5) #$� #="� �%� :# ."�%�$�8


���% #="��#%G !�1 �$ �&"�"#.�$�1 ��� �%6 '28;) (����##="��$# :"�%�$1 �  ����

%� #!6G �# #"6� =6 ��� 6.��� $��.�$$6� �.#�� .� ��� �%68 9#��#���� D � �.#�� .�

 �% ��� �$6% #="��#% �.1��$6 � &�#%� "��� "�<�$�� ��� �%6G  # %� #!6 �$ �&"�"#?

.�$�1G ��� 6.�AC�� B# 1 =6 #!$# �� $�BG #=6�$# $��6.�A ���������������8
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�$ �"��$# ��%� � �G � # �.#�� .� 0)75) B�"�� �"$6 !�1 %$#&�B !����"�$(����$6B

�"�.$�$�� $�=��$#� %�B�$���8 � ��� $#� �G �"�.$�$�1 ��:��"#.��#&# !.�3�$�1 '# $#?

�� ���$# (�$ "���$#� %���6 � &"�.� �(�#$$6% :�"�%� "#% μ) :"�!� �.�%6 . .�!�

x′ = ẋ =
∂g

∂ẋ
, ẋ′ = −μ x

|x|3 = −∂g
∂x

, &!� g =
ẋ2

2
− μ

|x| = PQRST;

� #$� #="� �%6 :# ."�%�$�8

/#� �
���� 6��
��

9"�%�$�%  �:�"� � �"�.$�$�1% '28;) 1.$6� � $�1.$6� %� #!6 >���"�J

xn+1 = xn + hyn, yn+1 = yn − hxn; xn+1 = xn + hyn+1, yn+1 = yn − hxn+1. '284)

���"�<�$�� . $�1.$#� �B�%� (n+ 1)?&# "�<�$�1 # $#�� ���$# n?&# "�<�$�1 !�� 

xn+1 =
xn + hyn

1 + h2
, yn+1 =

yn − hxn

1 + h2
.

� �A!� .�!$#G � # "����� � 6 �$ �&"�"#.�$�1G :#�����%6� %� #!�%� >���"� $� #!?

$#% <�&�G �#.:�!�A �  #�$#� �A !# �#D���(��$ � 1/(1 + h2)8 9#!� �.�11 "�<�$�1 .

�$ �&"���$#� �## $#<�$�� g(x, y) '282)G :#�����% !�1 1.$#&# %� #!�

g(xn+1, yn+1) = (1 + h2)g(xn, yn) = (1 + h2)n+1g(x0, y0);

� !�1 $�1.$#&#

g(xn+1, yn+1) =
g(xn, yn)

1 + h2
=

g(x0, y0)

(1 + h2)n+1
.

��� .�!$#G :"� :#<�&#.#% �$ �&"�"#.�$�� %� #!�%� >���"� �$ �&"���$#� �## $#?

<�$�� $� �#B"�$1� �1J . 1.$#% ������ #$# �.�����.�� �1G  #&!� ��� . $�1.$#% �%�$�?

<�� �18

����� :#��#���� :"�#="��#.�$�� �!.�&� :# ."�%�$� '28+) ��%:��� ��$#G  # :#<�&#?

.#� # #="�3�$�� . �## .� � .�� �# �B�%#� �$ �&"�"#.�$�1

xn
h−→ xn+1, yn

h−→ yn+1 '28@)

 ��3� !#�3$# =6 � ��%:��� ������%8

9"#.�"�% $� ��%:��� ��$#� � �B�%6 >���"�8 �6�����% ��� �� 3�������

{xn+1, yn+1} =
∂xn+1

∂xn

∂yn+1

∂yn
− ∂xn+1

∂yn

∂yn+1

∂xn
. '28-)


#&!� !�1 1.$#&# � $�1.$#&# %� #!#. �## .� � .�$$# :#�����% {xn+1, yn+1} = 1 + h2 �

{xn+1, yn+1} = 1/(1+h2)8 �%�� � �  �% ��.�� $#G � # :"�#="��#.�$�� '28@) ��%:��� ��$#G

���� ��#=�� 9����#$� "�.$� �!�$�(�8 ���!#.� ���$#G %� #!6 >���"� $� ��%:��� ��$68
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�="� �%#� � :# ."�%�$� '285) �"�.$�$�� '28;)  "�=�� G � #=6 �B�%� �$ �&"�"#.�$�1

:"� �� :#���!#.� ���$#% ��:#���#.�$�� �$����� � <�&#% hG � �� �% � <�&#% −h !�.���

��B#!$6� "����� � 68 �!$��# �#&���$# �B�%�% >���"� '284) =�!�% �%� �J . 1.$#% ������

xn
h−→ xn + hyn

−h−−→ (1 + h2)xn, yn
h−→ yn − hxn

−h−−→ (1 + h2)yn;

� . $�1.$#% ������

xn
h−→ xn + hyn

1 + h2

−h−−→ xn

1 + h2
, yn

h−→ yn − hxn

1 + h2

−h−−→ yn

1 + h2
.

���!#.� ���$#G �B�%6 >���"� $� #="� �%6 :# ."�%�$�8


���% #="��#%G %� #!6 >���"� $� &�#%� "�������8 M# 1 #$� %#&� � � �  ��#.6%�

:#��� ..�!�$�1 "1!� $��$��� ���$6B %#!�����(��8

9"#� 6% �:#�#=#% �#B"�$�$�1 �$ �&"���$#&# �## $#<�$�1 '282) 1.�1� �1 .#�."�?

C�$�� �����$$#&# "�<�$�1 ��3!#&# <�&� $� �$ �&"���$�A �"�.�AG ��!�.��%�A �"�.?

$�$��% g(x, y) = g0 = g(x0, y0)8 ��� .�!$# �� '282)G �$ �&"���$6� �"�.6� �"�.$�$��

&�"%#$�����#&# #�(���1 #"� :"�!� �.�1A �#=#� �#$(�$ "������� #�"�3$#� � � (�$?

 "#% . $����� �##"!�$� � "�!����%�
√

2g0G #:"�!��1�%6%� $�����$6%� ���#.�1%�8

9�"�%�C�$�1 �����$$6B "�<�$�� Δxn+1 � Δyn+1 =�!�% #��C�� .�1 � .!#�� $#"%���

� �$ �&"���$#� �"�.#� .  #��� (xn+1, yn+1)G  8�8 .!#�� .�� #"� :#�#3�$�1 D #�  #�?

�� . ���#.#% :"#� "�$� .�8 
#&!� �� &�#%� "������B �##="�3�$�� $� "�!$# :#���� �

:#:"�.�� � "�<�$�1%J

Δxn+1 = −
√

2g(xn+1, yn+1) −
√

2g0√
x2

n+1 + y2
n+1

xn+1, Δyn+1 = −
√

2g(xn+1, yn+1) −
√

2g0√
x2

n+1 + y2
n+1

yn+1.

'280,)

�$ �"��$#G � # :"#� #� �#"%���$#� ��%�$#� . �B�%�B '284) :�".6B '��� . #"6B)

��� �� !�1 :"�=��3�$$6B "�<�$�� xn+1 '��� yn+1) �!�� �1 :#���� � !.� 1.$6� ��%?

:��� ������� �B�%6 �$ �&"�"#.�$�1

yn+1 = yn − hxn, xn+1 = xn + hyn+1; xn+1 = xn + hyn, yn+1 = yn − hxn+1. '2800)

��%:��� ��$#� � %#!���(�"#.�$$6B %� #!#. >���"� $���#3$# :"#.�"� �G .6�����.G

��� � "�$��G ��#=�� 9����#$� '28-)G �# #"6� #���6.�A �1 "�.$6%� �!�$�(� . #=#�B

�����1B8

�#%=�$�"�1 �B�%6 �$ �&"�"#.�$�1 %� #!#. >���"�G %#3$# :#���� � $#.�AG �!#?

.�� .#"1AC�A ���#.�A #="� �%#� � :# ."�%�$� '285)J :"�%�$�% �$����� 1.$�A �B�%�

>���"� � <�&#% h/2G � �� �% * $�1.$�A �  �% 3� <�&#%G . � #&� =�!�% �%� � �B�%�

%� #!�  "�:�(��

xn+1 = xn +
h

2
(yn + yn+1), yn+1 = yn − h

2
(xn + xn+1).

9#��#���� %� #!  "�:�(�� ��%%� "���$G #$ =�!� �!#.�� .#"1 � ���#.�A #="� �%#� �

'285)8
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/#� $��
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����� �
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��1 �#B"�$�$�1 �$ �&"��#. ��� �% !����"�$(����$6B �"�.$�$�� ��� # :"�%�$1A 

 �� $��6.��%6� ����������!� �����G �# #"6�G :#?.�!�%#%�G .:�".6� :"�!�#3�� 98 ��?

�#�� . 0-40 &8 H�%� �%G � # �����!��%�1 $�%� "�$�� ��� �%� '28;) .%�� � � �$ �&"���?

$6% �## $#<�$��% '282) 1.�1A �1 ��� $6% ������% �����������	
����	�� ��������+

������ ���
�����G �# #"6� �%�A .�!

x′ = f(t,x), x(t0) = x0, g(x) = g(x0) = g0 = PQRST,

&!� . ����� .� ��&�="������#&# �"�.$�$�1 #=6�$# .6� �:�A �$ �&"��6 ��� �%6 !��?

��"�$(����$6B �"�.$�$�� ��=# $���&��%6� $� $�� �.1��8 ����%# "�% :"#��(�#$$6�

%� #! $� :"�%�"� D #� ��� �%68

�!�1 %� #!� �#� #� .  #%G � #=6 :#��� ��3!#� � �$!�" $#� :"#(�!�"6 �$ �&"�"#?

.�$�1 $� <�&� .$#�� � . �����$$#� "�<�$�� xn+1 :#:"�.�� Δxn+1 �� # ��#$�$�� g(xn+1)

# $#�� ���$# g0G  8�8 � #=6

g(xn+1 + Δxn+1) = g0.

�  #�$#� �A !# %��6B :�".#&# :#"1!�� �%��%

g(xn+1) +
∂g

∂x
(xn+1) · Δxn+1 = g0. '280+)

K #=6 #=��:��� � $��%�$�<�A .�����$� :#:"�.�� Δxn+1 . �## .� � .�� � '280+)G �� $�?

:"�.�1A .!#�� $#"%��� � :#.�"B$#� � g(x) .  #��� xn+1G :"�!� �.�11G  ���% #="��#%G

. .�!�

Δxn+1 = α
∂g

∂x
(xn+1). '2805)

�#D���(��$ α #:"�!��1� �1 :#��� :#!� �$#.�� '2805) . '280+)8 � � #&� =�!�% �%� �

:#:"�.��

Δxn+1 = −Δg

[
∂g

∂x

(
∂g

∂x
· ∂g
∂x

)−1
]

(xn+1), &!� Δg = g(xn+1) − g0. '280/)

9#��#���� '280/) :#����� �1 �� :"�=��3�$$#&# �## $#<�$�1 '280+)G  # ��:"�.��$$#�

"�<�$�� %#3� �C� $� �!#.�� .#"1 � ��&�="������#%� �"�.$�$�A8 � D #% ������ ���?

!�� :#. #"1 � :"#(�!�"� � #�$�$�1 "�<�$�1 '280/) !#  �B :#"G :#�� :#:"�.�� Δxn+1

$� � �$� !#� � #�$# %��#�8

�$ �"��$# ��%� � �G � # ���� %6 .6:#�$�% . '280,) :"�=��3�$$�A ��%�$�

√
2g(xn+1, yn+1) −

√
2g0 ≈ g(xn+1, yn+1) − g0√

2g(xn+1, yn+1)
,

 # :#����% �#""��(�A :"#��(�#$$#&# %� #!� '280/) :"�%�$� ���$# � !����"�$(����$#?

��&�="������#� ��� �%� &�"%#$�����#&# #�(���1 #"� '28;) � '282)8
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28/80 9"#� 6� ��%:��� ������� %� #!6

��%:��� ������� �B�%6 �$ �&"�"#.�$�1 � "#1 �1  ���% #="��#%G � #=6 # #="�3�$��

xn
h−→ xn+1, yn

h−→ yn+1

=6�# ��$#$������%8 
#&!� !#�3$� ��C�� .#.� � �����
���,�� �������G $�:"�%�"G

W = W (xn,yn+1)  ���1G � #

xn+1 =
∂W

∂yn+1
, yn =

∂W

∂xn
.

�6=�"�% . ����� .�  ���B ��$�(��

W (xn+1,yn) = xn+1yn − hg(xn+1,yn), W (xn,yn+1) = xnyn+1 + hg(xn,yn+1),

 #&!� :#�����% ��%:��� ������� �B�%6 �$ �&"�"#.�$�1 :�".#&# :#"1!��

xn+1 = xn + h
∂g

∂yn
, yn+1 = yn − h

∂g

∂xn+1
; xn+1 = xn + h

∂g

∂yn+1
, yn+1 = yn − h

∂g

∂xn
,

'280;)

. �# #"6B =��  "�!� ��$��% :�".�A � . #"�A ��%:��� ������� �B�%6 >���"� '2800) .

������ �$ �&"�"#.�$�1 �"�.$�$�� &�"%#$�����#&# #�(���1 #"�G ���� .%�� # g :#!� �?

.� � '282)8

��1 %� #!� . #"#&# :#"1!�� .6=�"�%

W (xn,yn+1) = xnyn+1 + hg(xn,yn+1) +
h2

2

∂g

∂yn+1

∂g

∂xn
.


#&!� !�$$#� :"#��.#!1C�� ��$�(�� =�!� �## .� � .#.� � $�1.$6� %� #!

xn+1 = xn + h
∂g

∂yn+1
+
h2

2

(
∂2g

∂y2
n+1

∂g

∂xn
+

∂g

∂yn+1

∂2g

∂yn+1∂xn

)
,

yn+1 = yn − h
∂g

∂xn
− h2

2

(
∂2g

∂yn+1∂xn

∂g

∂xn
+

∂g

∂yn+1

∂2g

∂x2
n

)
.

�� #!6 =#��� .6�#��B :#"1!�#. %#3$# �#$� "��"#.� � :#!#=$6% #="��#%8 �!$��#

#��.�!$#G � #  ��#� :#!B#! $� � #�� D���� �.�$G :#��#����  "�=�� :#����$�1 �#"%��

!�1 .6�����$�1 ��� $6B :"#��.#!$6B .6�#��B :#"1!�#. # &�%��� #$��$� ��$#$���?

��#� ��� �%68

28/8+ 9"#� 6� ��%%� "������� %� #!6

��� %6 �3� # %�����G ���#.�A #="� �%#� � '285) # .���A ��%%� "������� %� #!68

��1 �B :#� "#�$�1 ��� # :"�=�&�A � �#%=�$�"#.�$�A #=6�$6B %� #!#. ��$&�7��  6

� �B �%�3$6%� %� #!�%�8
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#����!� � ��B#!$#%� %� #!� ��$&�7��  6 '5855) $��6.�� �1 %� #!G :#�����%6�

. "����� � � ��%�$6 . ��B#!$#% %� #!�

x0 ↔ x1, h↔ −h, t0 ↔ t0 + h. '2802)

���.�!$#G :#. #"$�1 ��%�$� !�� ��B#!$6� %� #!G �$��� &#.#"1G �%�3$6� � �%�3$#%�

%� #!� 1.�1� �1 ��B#!$6%8

�%�3$6� %� #!  ��3� 1.�1� �1 %� #!#% ��$&�7��  6G �#D���(��$ 6 �# #"#&#

a∗ij G b
∗
i � c∗i �.1��$6 � �#D���(��$ �%� ��B#!$#&# %� #!� aij G bi � ci ���

a∗ij = bs+1−j − as+1−i,s+1−j, b∗i = bs+1−i, c∗i = 1 − cs+1−i (i, j = 1, . . . , s). '2804)

���� .� ���$#G .6:#�$�. ��%�$� '2802) . %� #!� '5855)G :"�.#!�% �&# � �%�3$#%� .�!�

x1 = x0 + h
s∑

j=1

bjkj , ki = f(t0 + h(1 − ci),x0 + h
s∑

j=1

(bj − aij)kj) (i = 1, . . . , s).

K #=6 �:#"1!#�� � . �#"%��� ki :# .#�"�� �$�A �#D���(��$ #. c∗i G $�% #� �� �1 :"#?

��.�� � ��%�$� �$!���#. i → s + 1 − i � j → s + 1 − j8 � � #&� $�B#!�% �.1�� %�3!�

�#D���(��$ �%� '2804)8


��� ��B#!$6� %� #! �%�� :#"1!#� pG  # ..�!� ��%�$6 '2802) �%�3$6� %� #! =�!� 

�::"#���%�"#.� � "�<�$�� x(t0) . #�"�� $#� � t0 + h � #<�=�#� :#"1!�� hp+1G ���!#?

.� ���$#G � �%�3$6� %� #! =�!� �%� � :#"1!#� p8

�� "�!$# .�!� �G � # �%�3$6� � 1.$#%� %� #!� >���"� =�!� $�1.$6� � $�#=#"# 8

�$ �"��$#G � # � ��%:��� ������� %� #!6 >���"� '280;)  ��3� .���%#�%�3$6�8 �  #

3� ."�%1 %� #! �"�!$��  #���

x1 = x0 + hf

(
t0 +

h

2
,
x0 + x1

2

)
� %� #!  "�:�(��

x1 = x0 +
h

2
[f(t0,x0) + f(t1,x1)]

#� �A �1 =�� ��%�$�$�1 # $#�� ���$# :"�#="��#.�$�� '2802)8 
���� %� #!6G ��� %6 �3�

&#.#"��� '"��!8 /85)G $��6.�A �1 ��%%� "��$6%�8

�.�!�$�� �%�3$6B %� #!#. :#�.#�1� :� �% �#%=�$�"#.�$�1 �B � ��B#!$6%� #��$�

:"#� # �#$� "��"#.� � ��%%� "������� %� #!68 9�� � x1 = Φh(x0,x1) * ��B#!$�1 �B�?

%� �$ �&"�"#.�$�1 $� <�&� hG � x1 = Φ∗
h(x0,x1) * �%�3$�18 
#&!� :#���!#.� ���$#�

��:#���#.�$�� $� :#�#.�$� <�&� �$����� �%�3$#&# %� #!�G � �� �% ��B#!$#&# Φh/2◦Φ∗
h/2

��� $�#=#"# Φ∗
h/2 ◦ Φh/2 !�� ��%%� "��$6� %� #!8 ��%%� "��$#� � ���!�� ��  #&#G

� # (Φh/2 ◦ Φ∗
h/2)

∗ = (Φ∗∗
h/2 ◦ Φ∗

h/2) = Φh/2 ◦ Φ∗
h/2. 
# 3� ��%#� �:"�.�!��.# � !�1 . #"#&#

�����18 ��:"�%�"G ���� %6 :"�%�$�% $� :#�<�&� �$����� 1.$6� %� #! >���"�G � �� �%

$�1.$6�G  # :#����% %� #!  "�:�(��I ���� . #="� $#% :#"1!�� * %� #! �"�!$��  #���8

���!�� ��%� � �G � # "����� �"�AC�� %� #!6 �%�A �3� . #"#� :#"1!#�G  #&!� ���

�B �#� �.�1AC�� * :�".6�8
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28/85 �� #!6 F �"%�"�7��"�� �

��#%:�$��% !.� �B�%6 �$ �&"�"#.�$�1 ���

Φh/2 ◦ Φ∗
h/2 � Φ∗

h/2 ◦ Φh/2,

&!� . ����� .� Φ .6=�"�% :�".�A ��%:��� ������A �B�%� >���"� '280;)8 
#&!� �#� �.?

$6� �B�%6 =�!� 

xn+1/2 = xn +
h

2

∂g

∂y
(xn+1/2,yn),

yn+1 = yn − h

2

[
∂g

∂x
(xn+1/2,yn) +

∂g

∂x
(xn+1/2,yn+1)

]
, '280@)

xn+1 = xn+1/2 +
h

2

∂g

∂y
(xn+1/2,yn+1);

yn+1/2 = yn − h

2

∂g

∂x
(xn,yn+1/2),

xn+1 = xn +
h

2

[
∂g

∂y
(xn,yn+1/2) +

∂g

∂y
(xn+1,yn+1/2)

]
, '280-)

yn+1 = yn+1/2 − h

2

∂g

∂x
(xn+1,yn+1/2).

�� #!6G #:"�!��1�%6� �B�%�%� '280@) � '280-)G $��6.�A �1 �������� 0�������)

-��	���8

��1 .�3$#&# . ����������#� %�B�$��� �����1 g = y2/2 + U(x) �B�%6 :�"�:�<� �1

���

xn+1/2 = xn +
h

2
yn, yn+1 = yn − h

∂U

∂x
(xn+1/2), xn+1 = xn+1/2 +

h

2
yn+1; '28+,)

yn+1/2 = yn − h

2

∂U

∂x
(xn), xn+1 = xn + hyn+1/2, yn+1 = yn+1/2 − h

2

∂U

∂x
(xn+1). '28+0)

�#.#��:$#� � �#"%�� �$ �&"�"#.�$�1 '28+,) #="����  �� $��6.��%�A ]�B�%� :"6&�?
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